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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from

lhttps://rulebasedintegration.org]

The number of integrals in this report is [ 21 ]. This is test number [ 96 |.

1.1 Listing of CAS systems tested

The following systems were tested at this time.

1.
2.

3
4.
5
6

7.

Mathematica 12.1 (64 bit) on windows 10.
Rubi 4.16.1 in Mathematica 12 on windows 10.

. Maple 2020 (64 bit) on windows 10.

Maxima 5.43 on Linux. (via sagemath 8.9)

. Fricas 1.3.6 on Linux (via sagemath 9.0)

. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.

Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.


https://rulebasedintegration.org

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and Root0Of are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System solved Failed
Rubi % 100. (21) %0.(0)
Mathematica | % 100. ( 21) %0.(0)
Maple % 100. ( 21) %0.(0)

Maxima %9.52 (2) | %90.48 (19)
Fricas % 71.43 (15) | % 28.57 (6)
Sympy %9.52 (2) | %9048 (19)

Giac % 90.48 (19) | %9.52 (2)

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes the
meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100. 0. 0. 0.
Mathematica 95.24 4.76 0. 0.
Maple 33.33 66.67 0. 0.
Maxima 9.52 0. 0. 90.48
Fricas 57.14 14.29 0. 28.57
Sympy 9.52 0. 0. 90.48
Giac 33.33 57.14 0. 9.52




The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The figure below compares the CAS systems for each grade level.
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1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time
and leaf size of results.

System Mean time (sec) | Mean size | Normalized mean | Median size | Normalized median
Rubi 0.27 133.81 1. 102. 1.

Mathematica 0.99 157.38 1.17 116. 0.98
Maple 0.07 446.24 2.62 226. 2.24
Maxima 0.94 26. 1.25 26. 1.25
Fricas 10.06 941.27 8.93 680. 9.26
Sympy 0.54 22. 1.03 22. 1.03
Giac 1.24 388.74 2.71 225. 2.51




1.4 list of integrals that has no closed form an-
tiderivative

b

1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

1.6 list of integrals solved by CAS but failed ver-
ification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {0}

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.



1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each integral.
If the integrate command did not complete within this time limit, the integral was aborted
and considered to have failed and assigned an F grade. The time used by failed integrals
due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example, for
the Timofeev test file, there were about 30 such integrals out of total 705, or about 4 percent.
This pecrentage can be higher or lower depending on the specific input test file.
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Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffgrent-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and XCAS
syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for this
purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35*len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*xcount_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.
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One record (line) per one integral result. The line is CSV comma separated. It contains 13 fields. This is
description of each record (line)

integer, the problem number.

integer. 0 or 1 for failed or passed. (this is not the grade field) High level overview of the CAS
integer. Leafsize of result. independent integration test
integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed. build System

string. The integral in Latex format

string. The input used in CAS own syntx.

string. The result (antiderivative) produced by CAS in Latex format

string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax. g
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. The optimal antiderivative in CAS own syntax.
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Chapter 2

detailed summary tables of results

2.1 List of integrals sorted by grade for each
CAS

21.1 Rubi

A graces [T )03 7 0 I, 2 3 0 5 6 7 5 9 2012
B grade: { }

C grade: { }
F grade: { }

2.1.2 Mathematica

A grace: (12356 0 2 3 0 5 6 7 (B S 0,2
B grade: {[9]}

C grade: { }

F grade: { }

2.1.3 Maple

A grade: (BE7 BT}

B grace: (1)) 56,000} T3, 0 57 ) 9, 20,20
C grade: { }

F grade: { }
13
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2.1.4 Maxima

A grade: {[2,[3]
B grade: { }
C grade: { }

F grade: { (1)) )7 )04 0V T 2 3 6 5 167 8 10} 20,2

21.5 FriCAS

A grade: { [T}[21 B[4 /5,6, [7} 8} [12} [L3} [L8} [19] }
B grade: {[11}[20}[21] }
C grade: { }

F grade: { )0 [T, 15 T6)7}

2.1.6 Sympy

A grade: {[2,[3]}
B grade: { }
C grade: { }

F grade: {[1}[4}5}[6} 7|81 9} (L0} L1} L2} [13} 14} 15} [16, 17} [18} 19} 20} 21]}

21.7 Giac

A grade: {2IB3)[7 812 L5 [19}
B grade: { [T} 4}[5}[6} [0} [10} [11} [13} [14}[18} [20} [21] }
C grade: { }

F grade: { }

2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
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system. If the failure was due to integral not being evaluated within the time limit, then it is

given just an F.

In this table,the column normalized size is defined as

antiderivative leaf size

optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 57 57 56 117 0 528 0 146
normalized size | 1 1. 0.98 2.05 0. 9.26 0. 2.56
time (sec) N/A 0.127 0.082 0.022 0. 2.215 0. 1.147
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 19 19 19 19 26 88 17 24
normalized size | 1 1. 1. 1. 1.37 4.63 0.89  1.26
time (sec) N/A 0.068 0.032 0.012 0938 1.925 0.397 1.146
Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 23 23 20 31 26 77 27 53
normalized size | 1 1. 0.87 1.35 1.13 3.35 1.17 2.3
time (sec) N/A 0.078 0.047 0.02 0952 2119 0.681 1.179
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 58 58 57 150 0 539 0 146
normalized size | 1 1. 0.98 2.59 0. 9.29 0. 2.52
time (sec) N/A 0.115 0.073 0.02 0. 2.187 0. 1.186
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Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 58 58 55 110 0 540 0 139
normalized size | 1 1. 0.95 1.9 0. 9.31 0. 2.4
time (sec) N/A 0.13 0.091 0.023 0. 211 0. 1.155
Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 65 65 61 129 0 617 0 163
normalized size | 1 1. 0.94 1.98 0. 9.49 0. 2.51
time (sec) N/A 0.137 0.145 0.033 0. 2.395 0. 1.178
Problem 7 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 100 100 134 135 0 683 0 157
normalized size | 1 1. 1.34 1.35 0. 6.83 0. 1.57
time (sec) N/A 0.156 0.251 0.029 0. 39.977 0. 1.166
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 99 99 116 134 0 680 0 155
normalized size | 1 1. 1.17 1.35 0. 6.87 0. 1.57
time (sec) N/A 0.25 0.19 0.027 0. 48.048 0. 1.165
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F(-2) F(-1) F B
verified N/A Yes NO TBD TBD TBD TBD TBD
size 247 247 526 1066 0 0 0 849
normalized size | 1 1. 213 4.32 0. 0 0 3.44
time (sec) N/A 0.409 3.637 0.09 0. 0 0 1.288
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Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-1) F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 170 170 335 593 0 0 0 475
normalized size | 1 1. 1.97 3.49 0. 0. 0. 2.79
time (sec) N/A 0.327 1.191 0.074 0. 0. 0. 1.248
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 103 103 135 288 0 1123 0 274
normalized size | 1 1. 1.31 2.8 0. 10.9 0. 2.66
time (sec) N/A 0.271 0.815 0.059 0. 27.164 0. 1.206
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 76 76 112 135 0 678 0 180
normalized size | 1 1. 1.47 1.78 0. 8.92 0. 2.37
time (sec) N/A 0.137 0.145 0.054 0. 3.618 0. 1.205
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 121 121 106 110 0 2182 0 690
normalized size | 1 1. 0.88 0.91 0. 18.03 0. 5.7
time (sec) N/A 0.266 0.213 0.071 0. 11.509 0. 1.333
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-1) F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 187 187 205 418 0 0 0 462
normalized size | 1 1. 1.1 2.24 0. 0. 0. 247
time (sec) N/A 0.631 0.783 0.09 0. 0. 0. 1.271
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Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-1) F@1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 458 458 319 1869 0 0 0 1040
normalized size | 1 1. 0.7 4.08 0. 0. 0. 2.27
time (sec) N/A 0.971 2.253 0.092 0. 0. 0. 1.721
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 213 213 186 357 0 0 0 0
normalized size | 1 1. 0.87 1.68 0. 0. 0. 0.
time (sec) N/A 0.385 3.839 0.33 0. 0. 0. 0.
Problem 17, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 102 102 189 237 0 0 0 0
normalized size | 1 1. 1.85 2.32 0. 0. 0. 0.
time (sec) N/A 0.202 4.409 0.214 0. 0. 0. 0.
Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 87 87 82 226 0 721 0 225
normalized size | 1 1. 0.94 2.6 0. 8.29 0. 2.59
time (sec) N/A 0.144 0.224 0.043 0. 1.923 0. 1.188
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 120 120 115 279 0 969 0 234
normalized size | 1 1. 0.96 2.32 0. 8.07 0. 1.95
time (sec) N/A 0.172 0.405 0.04 0. 1.62 0. 1.225
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Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B F(-1) B

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 187 187 175 994 0 1782 0 678
normalized size | 1 1. 0.94 5.32 0. 9.53 0. 3.63
time (sec) N/A 0.284 0.783 0.045 0. 1.87 0. 1.278
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B F(-1) B

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 260 260 302 1974 0 2912 0 1296
normalized size | 1 1. 1.16 7.59 0. 11.2 0. 4.98
time (sec) N/A 0.499 1.127 0.052 0. 2.153 0. 1.307

2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of

number of rules

the integrand. Finally the ratio —

integrand size

integral was to solve. In this test, problem number [8] had the largest ratio of [ 0.5333 ]

Table 2.1: Rubi specific breakdown of results for each integral

number of num?er of no.rmatlize.d integrand ——
# grade steps unique antlderl\./atlve leaf size integrand leal size
used rules leaf size

1 A 6 5 1. 15 0.333

2 A 5 4 1. 13 0.308

3 A 5 4 1. 15 0.267

4 A 6 5 1. 14 0.357

5 A 6 5 1. 15 0.333

6 A 8 7 1. 15 0.467

7 A 7 5 1. 15 0.333

8 A 11 8 1. 15 0.533
Continued on next page

is given. The larger this ratio is, the harder the




Table 2.1 — continued from previous page

number of number of normalized - d
# | grade steps unique antiderivative 1;;:?2?; %
used rules leaf size

9 A 12 8 1. 25 0.32
10 A 10 8 1. 25 0.32
11 A 8 7 1. 25 0.28
12 A 5 5 1. 23 0.217
13 A 6 5 1. 25 0.2
14 A 7 6 1. 25 0.24
15 A 16 8 1. 25 0.32
16 A 4 4 1. 27 0.148
17 A 2 2 1. 27 0.074
18 A 6 6 1. 31 0.194
19 A 7 7 1. 31 0.226
20 A 8 7 1. 31 0.226
21 A 9 7 1. 31 0.226

20



Chapter 3

Listing of integrals

31 f A+Bsin(x) dx

a+b cos(x)

Optimal. Leaf size=57

_y (Naptan(3)
1" ")
2Atan ( N ) _ Blog(a +bcos(x))
Va_bVatb b

[Out] (2*AxArcTan[(Sqrt[a - bl*Tan[x/2])/Sqrt[a + bl])/(Sqrtl[a - bl*Sqrtla + bl)
- (B*Log[a + b*Cos[x]1)/b

Rubi [A] time = 0.127084, antiderivative size = 57, normalized size of antiderivative =
1., number of steps used = 6, number of rules used = 5, integrand size = 15, number of rules

0.333, Rules used = {4401, 2659, 205, 2668, 31}

integrand size

B Vu—btan(f)
1Y """ \2)
2Atan ( NP ) _ Blog(a + bcos(x))
NN b

Antiderivative was successfully verified.

[In] Int[(A + BxSin[x])/(a + b*Cos[x]),x]

[Out] (2*A*ArcTan[(Sqrt[a - bl*Tan[x/2])/Sqrt[a + bl])/(Sqrtla - bl*Sqrt[a + b]l)
- (BxLogla + b*Cos[x]])/b

21
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Rule 4401

Int[u_, x_Symbol] :> With[{v = ExpandTrigl[u, x]}, Int[v, x] /; SumQ[v]] /;
ITnertTrigFreeQ[u]

Rule 2659

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[(2%e)/d, Subst[Int[1/(a + b + (
a - b)xe™2xx”2), x], x, Tan[(c + dx*x)/2]1/el, x1] /; FreeQ[{a, b, c, d}, x]

&& NeQ[a~2 - b~2, 0]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 2668

Int[cos[(e_.) + (£_)x(x_)1"(p_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"(m
_.), x_Symbol] :> Dist[1/(b"pxf), Subst[Int[(a + x)"m*x(b"2 - x72) " ((p - 1)/
2), x], x, bxSinle + fxx]], x] /; FreeQ[{a, b, e, £, m}, x] && IntegerQ[(p
- 1)/2] && NeQ[a"2 - b~2, 0]

Rule 31
Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,

x]1/b, x]1 /; FreeQ[{a, b}, x]

Rubi steps

A+Bsin(x) , A Bsin(x)
f a + b cos(x) ax = f(a + b cos(x) " a+ bcos(x)) ax
3 1 sin(x)
B Afa + b cos(x) dx+Bf a+ bcos(x) ax

= (2A) Subst (f ! dx, x, tan (;—C)) -

a+b+(a-b)x?
Va-btan(3)
Va+b ) Blog(a + b cos(x))
Va—bVa+b b

B Subst ( f ﬁ dx,x,b cos(x))
b

2Atan™ (
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Mathematica [A] time = 0.08157, size = 56, normalized size = 0.98

(a—b)tan(’z—{)
b2—42 Blog(a + b cos(x))
b2 — 42 b

2Atanh™ (

Antiderivative was successfully verified.

[In] Integrate[(A + B*Sin[x])/(a + bx*Cos[x]),x]

[Out] (-2*%AxArcTanh[((a - b)*Tan[x/2])/Sqrt[-a~2 + b~2]])/Sqrt[-a~2 + b~2] - (BxL
ogla + b*Cos[x]]1)/b

Maple [B] time = 0.022, size = 117, normalized size = 2.1
2 (o G 1) gy {(on G e (o () v e o) ¢ g m{(ron G)) - fon ()
o | tan |- b(a—b)n an(z)) a-{tan|z a —n|(tan(5)) a-(tan{3 (

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A+B*sin(x))/(a+b*cos(x)),x)

[Out] B/bx*1n(tan(1/2%x)"2+1)-1/b/(a-b)*1n(tan(1/2*x) 2*a-tan(1/2*x) " 2*xb+a+b)*B*a+
1/(a-b)*1n(tan(1/2*x) ~2*a-tan(1/2*x) “2xb+a+b) *B+2*xA/ ((a+b)*(a-b) )~ (1/2) *arc
tan((a-b)*tan(1/2*x)/((a+b)*(a-b))~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*sin(x))/(atb*cos(x)),x, algorithm="maxima")

[Out] Exception raised: ValueError
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Fricas [A] time = 2.21459, size = 528, normalized size = 9.26

2ab Cos(x)+(2 az—bz) cos(x)2+2 V=a2+b2(a cos(x)+b) sin(x)—a2+2 b2

12 cos(x)?+2 ab cos(x)+a2

) + (Ba2 - Bbz) log (bz cos (x)? + 2 ab cos (x)

V-a? + b2 Ab log(

2 (aZb - b3)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*sin(x))/(atb*cos(x)),x, algorithm="fricas")

[Out] [-1/2*(sqrt(-a”2 + b~2)*Axbxlog((2xa*b*cos(x) + (2%¥a”"2 - b72)*cos(x)”2 + 2%
sqrt(-a”2 + b~2)*(axcos(x) + b)*sin(x) - a”2 + 2%b72)/(b"2*cos(x) "2 + 2*a*b
xcos(x) + a”2)) + (Bxa"2 - B*b~2)*xlog(b~2*cos(x)~2 + 2*axb*cos(x) + a~2))/(
a”2%b - b73), 1/2%(2*sqrt(a”2 - b~2)*Axb*arctan(-(a*cos(x) + b)/(sqrt(a”2 -
b~2)*sin(x))) - (B*a~2 - B*b~2)*log(b~2*cos(x) "2 + 2xaxbxcos(x) + a~2))/(a

"2%b - b73)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+Bxsin(x))/(a+b*cos(x)),x)

[Out] Timed out

Giac [B] time = 1.14653, size = 146, normalized size = 2.56

. . a tan(% x)—b tan(% x)
2|+ 3 s 2 20+ aretan | ——2 =

Va2 —p2 - b

1 \2 L \2
A Blog(—atan(ix) +btan(5x) —a—b) Blo
+_

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*sin(x))/(at+b*cos(x)),x, algorithm="giac")
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[Out] -2*x(pi*floor(1/2*x/pi + 1/2)*sgn(-2%a + 2xb) + arctan(-(axtan(1/2*x) - bx*ta
n(1/2*x))/sqrt(a”2 - b~2)))*A/sqrt(a”2 - b~2) - Bxlog(-a*tan(1/2*x)~2 + b*t
an(1/2%x)"2 - a - b)/b + Bxlog(tan(1/2*x)"2 + 1)/b
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39 f A+Bsin(x) dx

1+cos(x)

Optimal. Leaf size=19

A sin(x)

m - B 10g(COS(X) + ].)

[Out] -(B*Log[l + Cos[x]]) + (A*Sin[x])/(1 + Cos[x])

Rubi [A] time = 0.0677288, antiderivative size = 19, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 13, e e =

0.308, Rules used = {4401, 2648, 2667, 31}

integrand size

Asin(x)

W — Blog(cos(x) +1)

Antiderivative was successfully verified.

[In] Int[(A + B*Sin[x])/(1 + Cos[x]),x]
[Out] -(B*Log[l + Cos[x]]) + (A*Sin[x])/(1 + Cos[x])

Rule 4401

Int[u_, x_Symbol] :> With[{v = ExpandTrigl[u, x]}, Int[v, x] /; SumQ[v]] /;
IInertTrigFreeQ[u]

Rule 2648

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> -Simp[Cos[c +
d*x]/(d*(b + axSin[c + d*x])), x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b
=2, 0]

Rule 2667

Int[cos[(e_.) + (£_)*(x_)]1 (p_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1) " (m
_.), x_Symbol] :> Dist[1/(b"px*f), Subst[Int[(a + x)"(m + (p - 1)/2)*(a - x)
“((p - 1/2), x], x, bxSin[e + f*x]], x] /; FreeQ[{a, b, e, f, m}, x] && In
tegerQ[(p - 1)/2] &% EqQ[a"2 - b~2, 0] && (GeQlp, -1] || !IntegerQ[m + 1/2
D



Rule 31
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Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,

x]1/b, x]1 /; FreeQ[{a, b}, x]

Rubi steps
A+Bsin(x) A Bsin(x)
1 + cos(x) ax = f (1 + cos(x) 1+ cos(x)) ax
sin(x)
f 1+ Cos(x) x+ 5 f 1 + cos(x)

_ Asin() B Subst d )
= T3 cos() ubs To 5 P cos(x
3 Asin(x)
= —Blog(l + cos(x)) + T+ cos()

Mathematica [A] time = 0.0318927, size = 19, normalized size = 1.

Atan (g) _2Blog (Cos (g))

Antiderivative was successfully verified.

[In] Integrate[(A + B*Sin[x])/(1 + Cos[x]),x]

[Out] -2*BxLog[Cos[x/2]] + A*Tan[x/2]

Maple [A] time = 0.012, size = 19, normalized size = 1.

tan 2) 51t (2)] 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A+B*sin(x))/(1+cos(x)),x)

[Out] Axtan(1/2*x)+B*1n(tan(1/2*x)"2+1)




Maxima [A] time = 0.937644, size = 26, normalized size = 1.37

Asin (x)

-B log (COS (X) + 1) + m

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*sin(x))/(1+cos(x)),x, algorithm="maxima")

[Out] -Bxlog(cos(x) + 1) + Axsin(x)/(cos(x) + 1)
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Fricas [A] time = 1.92543, size = 88, normalized size = 4.63

(B cos (x) + B) log (% cos (x) + %) — Asin (x)

cos (x) +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*sin(x))/(1+cos(x)),x, algorithm="fricas")

[Out] -((Bxcos(x) + B)xlog(1/2xcos(x) + 1/2) - Axsin(x))/(cos(x) + 1)

Sympy [A] time = 0.396981, size = 17, normalized size = 0.89

Atan (g) + Blog (tan2 (;—C) + 1)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+Bxsin(x))/(1+cos(x)),x)

[Out] Axtan(x/2) + Bxlog(tan(x/2)**2 + 1)

Giac [A] time = 1.14587, size = 24, normalized size = 1.26

2
1 1
Blog [tan (5 x) + 1) + Atan (5 x)



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*sin(x))/(1+cos(x)),x, algorithm="giac")

[Out] Bxlog(tan(1/2*x)~2 + 1) + Axtan(1/2*x)

29
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33 f A+Bsin(x) dx

1—cos(x)
Optimal. Leaf size=23

Blog(1 — cos(x)) — isci—zéz)c)

[Out] B*Log[l - Cos[x]] - (A*Sin[x])/(1 - Cos[x])

Rubi [A] time = 0.0783222, antiderivative size = 23, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 15, e e =

0.267, Rules used = {4401, 2648, 2667, 31}

integrand size

A sin(x)
log(1 — -
Blog(1 — cos(x)) 1= cos)
Antiderivative was successfully verified.

[In] Int[(A + B*Sin[x])/(1 - Cos[x]),x]
[Out] BxLogl[l - Cos[x]] - (A*Sin[x])/(1 - Cos[x])

Rule 4401

Int[u_, x_Symbol] :> With[{v = ExpandTrigl[u, x]}, Int[v, x] /; SumQ[v]] /;
IInertTrigFreeQ[u]

Rule 2648

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> -Simp[Cos[c +
d*x]/(d*(b + axSin[c + d*x])), x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b
=2, 0]

Rule 2667

Int[cos[(e_.) + (£_)*(x_)]1 (p_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1) " (m
_.), x_Symbol] :> Dist[1/(b"px*f), Subst[Int[(a + x)"(m + (p - 1)/2)*(a - x)
“((p - 1/2), x], x, bxSin[e + f*x]], x] /; FreeQ[{a, b, e, f, m}, x] && In
tegerQ[(p - 1)/2] &% EqQ[a"2 - b~2, 0] && (GeQlp, -1] || !IntegerQ[m + 1/2
D



Rule 31

31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,

x]1/b, x]1 /; FreeQ[{a, b}, x]

Rubi steps

A + Bsin(x) Iy = f(_ A Bsin(x) ) i

1 — cos(x) -1+ cos(x) g cos(x)

3 sin(x)
T (Af -1 + cos(x) ) B f -1+ Cos(x)

Asin(x) 1
T cos®) + B Subst (f Tix dx, x, cos(x))
= Blog(1l — cos(x)) — iscl—zs((x;)

Mathematica [A] time = 0.0465049, size = 20, normalized size = 0.87

2Blog (sin(;—c)) —Acot(;—c)

Antiderivative was successfully verified.

[In] Integrate[(A + B*Sin[x])/(1 - Cos[x]),x]

[Out] -(A*Cot[x/2]) + 2*B*Log[Sin[x/2]]

Maple [A] time = 0.02, size = 31, normalized size = 1.4
x\\? x\\ !
-Bln ((tan(i)) +1) —A(tan (E)) + 2 Bln (tan (x/2))

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A+B*sin(x))/(1-cos(x)),x)

[Out] -Bx1n(tan(1/2x*x) " 2+1)-A/tan(1/2*x)+2*Bx1n(tan(1/2*x))




Maxima [A] time = 0.95204, size = 26, normalized size = 1.13

A(cos (x) +1)

Blog(cos (x) -1) - sin (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*sin(x))/(1-cos(x)),x, algorithm="maxima")

[Out] Bxlog(cos(x) - 1) - Ax(cos(x) + 1)/sin(x)

Fricas [A] time = 2.11904, size = 77, normalized size = 3.35

Blog (—% cos (x) + %) sin (x) — Acos (x) — A

sin (x)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*sin(x))/(1-cos(x)),x, algorithm="fricas")

[Out] (Bxlog(-1/2*cos(x) + 1/2)*sin(x) - Axcos(x) - A)/sin(x)

time = 0.680834, size = 27, normalized size = 1.17

_Blog (tan2 (;—C) + 1) +2Blog (tan (g))

Sympy [A]

A
EZSY
tan (E)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*sin(x))/(1-cos(x)),x)

[Out] -A/tan(x/2) - B*log(tan(x/2)**2 + 1) + 2*B*xlog(tan(x/2))

Giac [A] time = 1.17906, size = 53, normalized size = 2.3

; 1
an|zx

) 2Btan(§x)+A

1
tan (E x)

2
1
-B log(tan (E x) + 1] + ZBlog(
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*sin(x))/(1-cos(x)),x, algorithm="giac")

[Out] -Bxlog(tan(1/2xx)~2 + 1) + 2#B*log(abs(tan(1/2xx))) - (2xBxtan(1/2*x) + A)/
tan(1/2%x)
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3.4 [y

a-+b cos(x)

Optimal. Leaf size=58

o [ Va-b tan(f)
117 """ k2)
2(b + ¢) tan ( — ) _ log(a +bcos(x))
Va-bVa+b b

[Out] (2%(b + c)*ArcTan[(Sqrtl[a - bl*Tan[x/2])/Sqrtla + bl]1)/(Sqrtl[a - bl*Sqrt([a
+ b]) - Logla + b*Cos[x]]/b

Rubi [A] time = 0.114686, antiderivative size = 58, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 5, integrand size = 14, e e =

integrand size
0.357, Rules used = {4401, 2659, 205, 2668, 31}

o [ Va-b tan(f)
1N e vY
2(b +c)tan ( mth ) B log(a + b cos(x))
Vi_bvaib b

Antiderivative was successfully verified.

[In] Int[(b + ¢ + Sin[x])/(a + b*Cos[x]),x]

[Out] (2%(b + c)*ArcTan[(Sqrt[a - bl*Tan[x/2])/Sqrtla + bl]1)/(Sqrtl[a - bl*Sqrt([a
+ b]) - Logla + b*Cos[x]]/b

Rule 4401

Int[u_, x_Symbol] :> With[{v = ExpandTriglu, x]}, Int[v, x] /; SumQ[v]] /;
IInertTrigFreeQ[u]

Rule 2659

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)1)~(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[(2%e)/d, Subst[Int[1/(a + b + (
a - b)*e”2*xx"2), x], x, Tan[(c + d*x)/2]/e], x]] /; FreeQ[{a, b, c, d}, x]
&& NeQ[a"2 - b~2, 0]

Rule 205
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 2668

Int[cos[(e_.) + (£_)*x(x_ )] " (p_.)*((a_) + (b_.)*sinf[(e_.) + (f_)*x(x)])"(m
_.), x_Symbol] :> Dist[1/(b"px*f), Subst[Int[(a + x)"mx(b"2 - x72)"((p - 1)/
2), x], x, bxSinle + f*x]], x] /; FreeQ[{a, b, e, f, m}, x] && IntegerQ[(p
- 1)/2] && NeQ[a"2 - b"2, 0]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, x]

Rubi steps

b+c+sin(x) b+c sin(x)
f a+ bcos(x) ax = f(a + b cos(x) * a+ bcos(x)) ax
3 1 sin(x)
=0+ C)f a + b cos(x) ax+ f a + b cos(x) ax

- Subst (f ﬁ dx,x,b COS(x)) + (b + ) Subst (f 1 dx, x, tan (;))

; a+b+(a-b)x?
_ mtan(z)
1 2
) 2(b + c) tan ( N ) ) log(a + b cos(x))
Va—bVa+b b

Mathematica [A] time = 0.0729495, size = 57, normalized size = 0.98

2+ ¢ tanh ! [ “22n(2)
V-2 ) log(a + b cos(x))
b2 — 42 b

Antiderivative was successfully verified.

[In] Integrate[(b + ¢ + Sin[x])/(a + b*Cos[x]) ,x]

[Out] (-2%(b + c)*ArcTanh[((a - b)*Tan[x/2])/Sqrt[-a”2 + b~2]])/Sqrt[-a"2 + b~2]
- Logla + b*Cos[x]1/b
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Maple [B] time = 0.02, size = 150, normalized size = 2.6

Einfan (2))"+1) - gy (o () - con () )+ g fan 2] - (o (2)) 00

b 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b+c+sin(x))/(at+b*cos(x)),x)

[Out] 1/b*In(tan(1/2*x)~2+1)-1/b/(a-b)*1In(tan(1/2*x) "2*xa-tan(1/2*x) ~2*b+a+b)*a+1/
(a-b)*1n(tan(1/2*x) "2*a-tan(1/2*x) ~2*b+a+b)+2*xb/ ((a+b) *(a-b) ) ~(1/2) *arctan(
(a-b)*tan(1/2*x)/((a+b)*(a-b) )~ (1/2))+2/((a+b) *(a-b) )~ (1/2)*arctan((a-b) *ta
n(1/2xx)/((atb)*(a-b))~(1/2))*c

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b+c+sin(x))/(atbxcos(x)),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 2.18665, size = 539, normalized size = 9.29

2ab cos(x)+(2 az—bz) cos(x)%+2 V=a2+b2(a cos(x)+b) sin(x)—a2+2 bz) N (le 3 bz) log (b2 oS (x)Z +2abcos

V—a? + bz(b2 + bc) log( >
b2 cos(x)“+2 ab cos(x)+a?

) 2 (a2 - 1?)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b+c+sin(x))/(at+b*cos(x)),x, algorithm="fricas")

[Out] [-1/2*%(sqrt(-a”2 + b~2)*(b~2 + b*c)*log((2*axbxcos(x) + (2%xa”2 - b~2)*cos(x
)72 + 2*sqrt(-a”2 + b72)*(a*xcos(x) + b)*sin(x) - a”2 + 2xb~2)/(b"2*cos(x) "2
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+ 2%axbxcos(x) + a”2)) + (a”2 - b~2)*log(b~2*cos(x)”2 + 2*a*b*xcos(x) + a™2
))/(a”2%b - b~3), 1/2x(2xsqrt(a”2 - b~2)* (b2 + bxc)*arctan(-(a*cos(x) + b)
/(sqrt(a”™2 - b™2)*sin(x))) - (272 - b"2)*log(b~2*cos(x) "2 + 2*axb*cos(x) +
a”2))/(a"2%b - b~3)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b+c+sin(x))/(a+b*cos(x)),x)

[Out] Timed out

Giac [B] time = 1.18613, size = 146, normalized size = 2.52

Jrotan(L)

1
X 1 atan| s 2 2
2(71 {ﬂ + EJ sgn (—2a + 2b) + arctan [_ (2 — D(b + ) log (—a tan (% x) + btan (% x) —a- b)

Va2 —p2 - b
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b+c+sin(x))/(at+b*cos(x)),x, algorithm="giac")

[Out] -2x(pi*floor(1/2*x/pi + 1/2)*sgn(-2*a + 2xb) + arctan(-(a*tan(1/2*x) - bx*ta

n(1/2*x))/sqrt(a™2 - b72)))*(b + c)/sqrt(a”2 - b72) - log(-axtan(1/2*x)"2 +
b*tan(1/2*x)72 - a - b)/b + log(tan(1/2*x)"2 + 1)/b
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3.5  [Z gy

a—b cos(x)

Optimal. Leaf size=58

(V)
2(b + ¢) tan (T) . log(a — b cos(x))
Va—bva+b ’

[Out] (2%(b + c)*ArcTan[(Sqrt[a + bl*Tan[x/2])/Sqrtla - bl]1)/(Sqrtla - bl*Sqrt([a
+ b]) + Logla - b*Cos[x]]/b

Rubi [A] time = 0.130403, antiderivative size = 58, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 5, integrand size = 15, e e =

integrand size
0.333, Rules used = {4401, 2659, 205, 2668, 31}

L (Nt
2(b + ¢) tan (T) . log(a — b cos(x))
Va-bVa+b b

Antiderivative was successfully verified.

[In] Int[(b + ¢ + Sin[x])/(a - b*Cos[x]),x]

[Out] (2%(b + c)*ArcTan[(Sqrt[a + bl*Tan[x/2])/Sqrtla - bl]1)/(Sqrtla - bl*Sqrt([a
+ b]) + Logla - b*Cos[x]]/b

Rule 4401

Int[u_, x_Symbol] :> With[{v = ExpandTriglu, x]}, Int[v, x] /; SumQ[v]] /;
IInertTrigFreeQ[u]

Rule 2659

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)1)~(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[(2%e)/d, Subst[Int[1/(a + b + (
a - b)*e”2*xx"2), x], x, Tan[(c + d*x)/2]/e], x]] /; FreeQ[{a, b, c, d}, x]
&& NeQ[a"2 - b~2, 0]

Rule 205
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 2668

Int[cos[(e_.) + (£_)*x(x_ )] " (p_.)*((a_) + (b_.)*sinf[(e_.) + (f_)*x(x)])"(m
_.), x_Symbol] :> Dist[1/(b"px*f), Subst[Int[(a + x)"mx(b"2 - x72)"((p - 1)/
2), x], x, bxSinle + f*x]], x] /; FreeQ[{a, b, e, f, m}, x] && IntegerQ[(p
- 1)/2] && NeQ[a"2 - b"2, 0]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, x]

Rubi steps

b+c+sin(x) -b-c sin(x)
f a—bcos(x) ax = f(—a + b cos(x) * a- bcos(x)) ax
3 1 sin(x)
=(b-9 f —a + b cos(x) ax+ f a —bcos(x) ax

_ Subst (f ﬁ ax, %, =b Cos(x)) = (2(b + ¢)) Subst ( f 1 ax, % tan (JZ_C))

- —a+b+(-a-b)x?
_ \/a+btan()—{)
112 "2/

2(b + c) tan ( = ) N log(a — b cos(x))

a-bva+b b

Mathematica [A] time = 0.0913181, size = 55, normalized size = 0.95

2(b + ¢) tanh™ ((“b)ta“(;))

b2—42

log(a — b cos(x)) _
b b2 — g2

Antiderivative was successfully verified.

[In] Integrate[(b + ¢ + Sin[x])/(a - b*Cos[x]) ,x]

[Out] (-2%(b + c)*ArcTanh[((a + b)*Tan[x/2])/Sqrt[-a”2 + b~2]])/Sqrt[-a"2 + b~2]
+ Logla - b*Cos[x]1/b
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Maple [B] time = 0.023, size = 110, normalized size = 1.9

—% In ((tan (g))Z + 1) + % In ((tan (;—C))z a+ (tan (;—C))z b+a- b) +2 ﬁ arctan (%\/%) + 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b+c+sin(x))/(a-b*cos(x)),x)

[Out] -1/b*1n(tan(1/2*x)"2+1)+1/b*1n(tan(1/2*x) " 2*a+tan(1/2*x) ~2xb+a-b)+2*b/ ((a+b
)*(a-b))~(1/2)*arctan((at+b)*tan(1/2*x)/((a+b)*(a-b))~(1/2))+2/((atb)*(a-b))
~(1/2)*arctan((a+b)*tan(1/2x*x)/((a+b)*(a-b) )~ (1/2))*c

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b+c+sin(x))/(a-b*cos(x)),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 2.10972, size = 540, normalized size = 9.31

—— 2ab ~(2a2-12 2 2V-a2+1? —b)si 2212
2 bz(bz N bc) log (_ ab cos(x) ( a )cos(x) a+b%(a cos(x)~b) sin(x)+a ) 3 (az 3 bz) log (b2 oS (X)2 _ 2 ab cos

b2 cos(x)2—2 ab cos(x)+a?

) 2 (a2b - 1?)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b+c+sin(x))/(a-bxcos(x)),x, algorithm="fricas")

[Out] [-1/2*%(sqrt(-a”2 + b~2)*(b~2 + b*c)*log(-(2*a*bxcos(x) - (2*¥a”2 - b~2)*cos(
X)72 - 2xsqrt(-a”2 + b"2)*(axcos(x) - b)*sin(x) + a”2 - 2xb~2)/(b"2xcos(x)”
2 - 2*axb*cos(x) + a”2)) - (a2 - b"2)*log(b"2*cos(x)"2 - 2*%a*bxcos(x) + a~
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2))/(a"2%b - b~3), 1/2x(2*sqrt(a”2 - b"2)*(b~2 + b*c)*arctan(-(axcos(x) - b
)/ (sqrt(a”2 - b~ 2)*sin(x))) + (2”2 - b"2)*log(b~2xcos(x) "2 - 2*a*b*cos(x) +
a”2))/(a"2%b - b73)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b+c+sin(x))/(a-b*cos(x)),x)

[Out] Timed out

Giac [B] time = 1.15525, size = 139, normalized size = 2.4

1 1

1 atan(s x|+btan| s x 2 2

2(71{%+£Jsgn(2a+2b)+arctan{ (2 a)Z—bZ (2 ))](b+c) log(utan(%x) +btan(%x) +a—b) log(‘
+ -

Va2 — 2 b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b+c+sin(x))/(a-b*cos(x)),x, algorithm="giac")

[Out] 2*(pi*floor(1/2*x/pi + 1/2)*sgn(2*a + 2*b) + arctan((axtan(1/2*x) + b*tan(1
/2%x))/sqrt(a”2 - b2)))*(b + c)/sqrt(a”2 - b™2) + log(axtan(1/2*x)~2 + b*t
an(1/2%x)"2 + a - b)/b - log(tan(1/2*x)"2 + 1)/b
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36 f A+Btan(x) dx

a+b cos(x)

Optimal. Leaf size=65

2Atan™ —mwn(g)
Va+b N Blog(a + b cos(x)) _ B log(cos(x))
Va-bvVa+b a a

[Out] (2*xAxArcTan[(Sqrtla - bl*Tan[x/2])/Sqrtl[a + b]])/(Sqrt[a - bl*Sqrtla + b]l)
- (BxLog[Cos([x]])/a + (BxLogla + b*Cos[x]])/a

Rubi [A] time = 0.136945, antiderivative size = 65, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 7, integrand size = 15, e -

integrand size
0.467, Rules used = {4401, 2659, 205, 2721, 36, 29, 31}

(Ve tan(3)

1 2

2Atan ( Va+b ) N Blog(a + beos(x))  Blog(cos(x))
Va-bva+b a a

Antiderivative was successfully verified.

[In] Int[(A + BxTan[x])/(a + b*Cos[x]),x]

[Out] (2*AxArcTan[(Sqrtla - bl*Tan[x/2])/Sqrtl[a + b]])/(Sqrt[a - bl*Sqrtla + b]l)
- (BxLog[Cos[x]])/a + (BxLogla + b*Cos[x]])/a

Rule 4401

Int[u_, x_Symbol] :> With[{v = ExpandTrigl[u, x1}, Int[v, x] /; SumQ[v]] /;
ITnertTrigFreeQ[u]

Rule 2659

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[(2%e)/d, Subst[Int[1/(a + b + (
a - b)xe™2%xx”2), x], x, Tan[(c + dx*x)/2]1/el, x1] /; FreeQ[{a, b, c, d}, x]
&& NeQ[a~2 - b~2, 0]

Rule 205
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 2721

Int[((a_) + (b_.)#*sinl(e_.) + (f_)*(x)1)"(m_.)*tan[(e_.) + (f_.)*(x )1 (p
_.), x_Symbol] :> Dist[1/f, Subst[Int[(x"p*(a + x)"m)/ ("2 - x72)"((p + 1)/
2), x], x, bxSin[e + f*x]], x] /; FreeQ[{a, b, e, f, m}, x] && NeQ[a"2 - b~
2, 0] &% IntegerQ[(p + 1)/2]

Rule 36

Int[1/((Ca_.) + (b_)*(x_))*((c_.) + (d_.)*(x_))), x_Symbol] :> Dist[b/(b*c
- axd), Int[1/(a + b*x), x], x] - Dist[d/(bxc - a*d), Int[1/(c + d*x), x],
x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c - axd, 0]

Rule 29
Int[(x_)~(-1), x_Symbol] :> Simp[Loglx], xI]

Rule 31
Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,

x]1/b, x] /; FreeQ[{a, b}, xl]

Rubi steps
f A + Btan(x) gy — f A N Btan(x) P
a + b cos(x) r= a+bcos(x) a+ bcos(x) *
B 1 tan(x)
B Afa + b cos(x) ax+ Bfa + b cos(x) ax

1 X 1
= (2A) Subst (f P A dx, x, tan (5)) — BSubst (f P dx, x,bcos(x))

1 Ya-b tan(%) 1 1
2Atan = B Subst (f - dx,x,b cos(x)) B Subst (f — dx,x,b cos(x))
_ _ +
Va-bVa+b a !
1 [ Va-b tan(f)
1 2
) 2Atan ( NP ) ) Blog(cos(x)) . Blog(a + b cos(x))

Va-bva+b a a
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Mathematica [A] time = 0.145063, size = 61, normalized size = 0.94

(a-b) tan(g) )

b2—52

-1
B(log(a + b cos(x)) — log(cos(x))) ) 2Atanh (

a b2 — a2

Antiderivative was successfully verified.

[In] Integrate[(A + B*Tan[x])/(a + bx*Cos[x]),x]

[Out] (-2*%AxArcTanh[((a - b)*Tan[x/2])/Sqrt[-a~2 + b~2]])/Sqrt[-a~2 + b~2] + (Bx(
-Log[Cos[x]] + Logla + bxCos[x]]))/a

Maple [B] time = 0.033, size = 129, normalized size = 2.
i {ton(5) 1) g (5) 1)+ Zgn (v (5)) a— (ron 5)) e t) - (e ()
~Inftan{; ~In{tan{; —n|(tan(5 ) a-(tan(; a a(a—b)n an(z)) a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A+Bxtan(x))/(a+b*cos(x)),x)

[Out] -B/ax*1ln(tan(1/2*x)+1)-B/a*xln(tan(1/2*x)-1)+1/(a-b)*1n(tan(1/2*x) 2*a-tan(1/
2xx) ~2%b+a+b)*B-1/a/(a-b)*1n(tan(1/2*x) ~2*%a-tan (1/2*x) ~2*b+a+b) *Bxb+2*A/ ((a
+b)*(a-b) )~ (1/2)*arctan((a-b)*tan(1/2*x)/((a+b)*x(a-b))~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*tan(x))/(atbxcos(x)),x, algorithm="maxima")

[Out] Exception raised: ValueError
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Fricas [A] time = 2.39537, size = 617, normalized size = 9.49

b2 COS(X)2+2 ab cos(x)+a?

— 2ab 20212 212 V-2 412 b) sin(x)-a?+2 2
7 A log( a cos(x)+( a )cos(x) +2 V=a%+b%(a cos(x)+b) sin(x)—a+ ) B (Baz 3 Bbz) log (bz oS (x)Z +2abcos (x

2 (u3 - abz)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+Bxtan(x))/(at+b*cos(x)),x, algorithm="fricas")

[Out] [-1/2*%(sqrt(-a”2 + b~2)*A*axlog((2*axb*xcos(x) + (2*¥a”2 - b~2)*cos(x)"2 + 2%
sqrt(-a”2 + b"2)*(a*xcos(x) + b)*sin(x) - a”2 + 2*¥b72)/(b"2*cos(x)72 + 2xaxb
xcos(x) + a”2)) - (Bxa”™2 - B*b"2)*log(b~2*cos(x)~2 + 2*axb*cos(x) + a~2) +

2% (Bxa~2 - B*b~2)*log(-cos(x)))/(a"3 - a*xb”2), 1/2x(2xsqrt(a”2 - b~2)*A*axa
rctan(-(a*cos(x) + b)/(sqrt(a”™2 - b™2)*sin(x))) + (B*a"2 - Bxb~2)*log(b~2xc
0s(x)72 + 2*axbxcos(x) + a”2) - 2*(B*a”"2 - Bxb~2)*log(-cos(x)))/(a”3 - a*b”

2)1]

Sympy [F] time = 0., size = 0, normalized size = 0.

A+ Btan (x)
[Arbune),,

a+ bcos (x)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*tan(x))/(atb*cos(x)),x)

[Out] Integral((A + Bxtan(x))/(a + b*cos(x)), x)

Giac [B] time = 1.17813, size = 163, normalized size = 2.51

X 1 a tan(% x)—b tan(% x) 1 2 1 2
2 n{z+§Jsgn(—2a+2b)+arctan - Wroas A Blog(—atan(ix) +btan(5x) —a—b) B
+ —_—

N a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*tan(x))/(at+b*cos(x)),x, algorithm="giac")
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[Out] -2*x(pi*floor(1/2*x/pi + 1/2)*sgn(-2%a + 2xb) + arctan(-(axtan(1/2*x) - bx*ta
n(1/2*x))/sqrt(a”2 - b72)))*A/sqrt(a”2 - b~2) + Bxlog(-a*tan(1/2*x)~2 + b*t
an(1/2%x)"2 - a - b)/a - Bxlog(abs(tan(1/2*x) + 1))/a - Bxlog(abs(tan(1/2*x

) - 1)) /a
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37 f A+B cot(x) dx

a+b cos(x)

Optimal. Leaf size=100

24 tant (Y en(a)
_aBlog(a + bcos(x)) N Va+b N Blog(1 — cos(x)) N Blog(cos(x) +1)
a? - b? Va-bvVa+b 2(a +b) 2(a-b)

[Out] (2xA*ArcTan[(Sqrtla - bl*Tan[x/2])/Sqrtl[a + b]])/(Sqrtla - bl*Sqrtla + b])
+ (BxLog[1 - Cos[x]])/(2x(a + b)) + (BxLog[l + Cos[x]]1)/(2*x(a - b)) - (a*Bx
Logla + b*Cos[x]])/(a"2 - b72)

Rubi [A] time = 0.156366, antiderivative size = 100, normalized size of antiderivative =
number of rules

1., number of steps used = 7, number of rules used = 5, integrand size = 15,
0.333, Rules used = {4401, 2659, 205, 2721, 801}
\/ﬁtan(;)

_1 T\
_aB log(a + b cos(x)) 24 tan ( Va+b ) Blog(l — cos(x)) Blog(cos(x) +1)

2-F ' Vacovarp | 20a+b | 2a-b)

Antiderivative was successfully verified.

integrand size

[In] Int[(A + B*xCot[x])/(a + bxCos[x]),x]

[Out] (2xA*ArcTan[(Sqrtla - bl*Tan[x/2])/Sqrtl[a + b]])/(Sqrtla - bl*Sqrtla + b])
+ (BxLog[1l - Cos[x]])/(2*x(a + b)) + (BxLogl[l + Cos[x]])/(2x(a - b)) - (a*B*
Logla + b*Cos([x]])/(a"2 - b™2)

Rule 4401

Int[u_, x_Symbol] :> With[{v = ExpandTriglu, x]}, Int[v, x] /; SumQ[vl] /;
IInertTrigFreeQ[u]

Rule 2659

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)]1)"(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + b + (
a - b)xe™2xx”2), x], x, Tan[(c + d*x)/21/el, x1] /; FreeQ[{a, b, c, d}, x]

&& NeQ[a"2 - b~2, 0]

Rule 205
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Int[((a ) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 2721

Int[((a_) + (b_.)#*sin(e_.) + (f_)*(x)1)"(m_.)*tan[(e_.) + (f_.)*(x )1 (p
_.), x_Symbol] :> Dist[1/f, Subst[Int[(x"p*(a + x)"m)/ ("2 - x72)"((p + 1)/
2), x], x, bkSinf[e + f*x]], x] /; FreeQ[{a, b, e, £, m}, x] && NeQ[a"2 - b~
2, 0] &% IntegerQ[(p + 1)/2]

Rule 801

Int [(((d_.) + (e_)*(x_))~m )*((f_.) + (g_.)*(x_)))/((a)) + (c_)*(xx_)"2),
x_Symbol] :> Int[ExpandIntegrand[((d + exx) mx(f + g*x))/(a + c*x72), x],
x] /; FreeQ[{a, c, d, e, f, g}, x] && NeQ[c*d"2 + a*e”2, 0] && IntegerQ[m]

Rubi steps

f A + B cot(x) Iy = f A N B cot(x) i
a+bcos(x) a+bcos(x) a+bcos(x)
1 cot(x)
B Ry L B
a+ bcos(x) *F a+ bcos(x) *

1 X X
= (2A) Subst (f PR dx, x, tan (5)) — BSubst [f G (bz — xz) dx,x,b cos(x))

Vit ) B Subst . - &
Vo-tVa+b e (f(z(a+b)(b—x)+(ﬂ—b)(ﬂ+b)(ﬂ+x)_2(ﬂ—b)(b+x))
Vibtan(3)

-1
2Atan ( Va+b ) . Blog(l — cos(x)) . Blog(1 + cos(x)) aBlog(a + b cos(x))

Ya-bVa+b 2(a+0) 2(a-D) a? - b?

Mathematica [A] time = 0.251473, size = 134, normalized size = 1.34

sin(x)(A + B cot(x)) (B\/b2 - a? ((a —-b)log (sin (g)) + (a+ b)log (cos (;—C)) —alog(a+b cos(x))) -2A (az - bz) tanh

(a = b)(a + b)Vb? — a%(Asin(x) + B cos(x))
Antiderivative was successfully verified.

[In] Integrate[(A + B*Cot[x])/(a + bxCos[x]),x]
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[Out] ((A + B*Cot[x])*(-2*A*(a”2 - b~2)*ArcTanh[((a - b)*Tan[x/2])/Sqrt[-a”2 + b~
2]] + Sqrt[-a”2 + b~2]*B*((a + b)*Log[Cos[x/2]] - a*Logla + b*Cos[x]] + (a

- b)*Log[Sin[x/2]]1))*Sin[x])/((a - b)*(a + b)*Sqrt[-a”2 + b~2]*(B*Cos[x] +
AxSin[x]))

Maple [A] time = 0.029, size = 135, normalized size = 1.4
Aa (a -

% In (tan(;—c)) - % In ((tan (g))z a-— (tan (g))zb +a+ b) +2 TN CEDITED) arc an(\/_

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A+B*cot(x))/(at+b*cos(x)),x)

[Out] B/(a+b)*1n(tan(1/2*x))-1/(a+b)*B*a/(a-b)*1n(tan(1/2*x) "2*xa-tan(1/2*x) ~2xb+a
+b)+2/(a+b)/((a+b)*(a-b) )~ (1/2)*arctan((a-b)*tan(1/2x*x)/((a+b)*(a-b) )~ (1/2)
)Y*Axa+2/(a+b)/((a+b)*(a-b) )~ (1/2)*arctan((a-b)*tan(1/2*x)/((a+b)*x(a-b)) " (1/

2) ) *Axb

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*cot(x))/(atb*cos(x)),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 39.9767, size = 683, normalized size = 6.83

2ab 2a2-p? 2 V—-a2+1? b 202
Ba log( cos (x) +2abcos (x) +a ) \/WA log( abeost+{2a )Cos(x) +2 V- +b2(a cos(w)+b) sinx)-a+ —
12 cos(x)?+2 ab cos(x)+a

_ 2(a*-1?)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((A+B*cot(x))/(atbxcos(x)),x, algorithm="fricas")

[Out] [-1/2*(Bxaxlog(b~2*cos(x)”2 + 2*xaxb*cos(x) + a”2) + sqrt(-a”2 + b~2)*Axlog(
(2%axbxcos(x) + (2*%a”2 - b"2)*cos(x)”"2 + 2xsqrt(-a”2 + b"2)*(axcos(x) + b)*
sin(x) - a”2 + 2%b72)/(b"2*cos(x) 2 + 2xaxb*cos(x) + a”2)) - (Bxa + Bxb)x*lo
g(1/2*cos(x) + 1/2) - (B*a - Bxb)*log(-1/2xcos(x) + 1/2))/(a"2 - b~2), -1/2

*x (Bxa*xlog(b™2xcos(x) "2 + 2xa*bxcos(x) + a~2) - 2*sqrt(a”2 - b~2)*Axarctan(-
(axcos(x) + b)/(sqrt(a”2 - b"2)*sin(x))) - (B*a + B*b)*log(l/2xcos(x) + 1/2

) - (Bxa - Bxb)*log(-1/2*cos(x) + 1/2))/(a"2 - b~2)]

Sympy [F] time = 0., size = 0, normalized size = 0.

A + Bcot (x)
[ArBeott,

a+ bcos (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*cot(x))/(atb*cos(x)),x)

[Out] Integral((A + B*cot(x))/(a + bx*cos(x)), x)

Giac [A] time = 1.16589, size = 157, normalized size = 1.57

1 2 1 2 ¥ 1 atan(%x)—btan %x)
Balog(—atan(ix) +btan(5x) —a—b) 2 n{z+§Jsgn(—2a+2b)+arctan - T A g
— — +_
le—bz \/az_bz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*cot(x))/(at+bxcos(x)),x, algorithm="giac")

[Out] -B*axlog(-axtan(1/2*x)~2 + bxtan(1/2*x)"2 - a - b)/(a"2 - b™2) - 2*(pix*floo
r(1/2*xx/pi + 1/2)*sgn(-2*a + 2xb) + arctan(-(a*tan(1/2*x) - b*tan(1/2%*x))/s
grt(a™2 - b72)))*A/sqrt(a”2 - b"2) + Bxlog(abs(tan(1/2*x)))/(a + b)
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38 f A+B csc(x) dx

a+b cos(x)

Optimal. Leaf size=99

2Atan™! —mtaﬂ(g)
bBlog(a + b cos(x)) N Va+b N Blog(l — cos(x)) B log(cos(x) + 1)
a? - b? Va-bVa+b 2(a+b) 2(a-b)

[Out] (2xAxArcTan[(Sqrtla - bl*Tan[x/2])/Sqrtl[a + b]])/(Sqrt[a - bl*Sqrtla + b])
+ (BxLog[1l - Cos[x]])/(2x(a + b)) - (B*xLog[l + Cos[x]])/(2*(a - b)) + (bx*Bx
Log[a + b*Cos[x]])/(a"2 - b~2)

Rubi [A] time = 0.250172, antiderivative size = 99, normalized size of antiderivative =

1., number of steps used = 11, number of rules used = 8, integrand size = 15, number of rules _

integrand size
0.533, Rules used = {4225, 4401, 2659, 205, 2668, 706, 31, 633}

2Atan™ —mtaﬂ(g)
bBlog(a + b cos(x)) N Va+b N Blog(l — cos(x))  Blog(cos(x) +1)
P Va-bvaib 2a+D) 2a-b)

Antiderivative was successfully verified.

[In] Int[(A + BxCsc[x])/(a + b*Cos[x]),x]

[Out] (2*AxArcTan[(Sqrtla - blx*Tan[x/2])/Sqrtl[a + b]])/(Sqrt[a - bl*Sqrtla + b]l)
+ (B*Log[1l - Cos[x]])/(2%(a + b)) - (B*xLogl[l + Cos[x]])/(2*(a - b)) + (b*Bx
Log[a + b*Cos[x]])/(a"2 - b~2)

Rule 4225

Int[(cscl(a_.) + (b_.)*(x_)]*(B_.) + (A_))*(u_), x_Symbol] :> Int[(Activate
Trig[u]*(B + A*Sin[a + b*x]))/Sin[a + b*x], x] /; FreeQ[{a, b, A, B}, x] &&
KnownSineIntegrandQ[u, x]

Rule 4401

Int[u_, x_Symbol] :> With[{v = ExpandTrigl[u, x]}, Int[v, x] /; SumQ[v]] /;
IInertTrigFreeQ[u]

Rule 2659
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Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + b + (
a - b)*e”2*xx72), x], x, Tan[(c + d*x)/2]/el, x]] /; FreeQl{a, b, c, d}, x]

&& NeQ[a"2 - b~2, 0]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 2668

Int[cos[(e_.) + (£_D)*(x_D)]"(p_.)*x((a_) + (b_.)*sin[(e_.) + (f_)*x(x_)])"(m
_.), x_Symbol] :> Dist[1/(b"px*f), Subst[Int[(a + x)"m*x(b"2 - x~2)"((p - 1)/
2), x], x, bxSinle + f*x]], x] /; FreeQ[{a, b, e, f, m}, x] && IntegerQ[(p
- 1)/2] && NeQ[a"2 - b~2, 0]

Rule 706

Int[1/(((d_) + (e_.)*x(x_))*x((a_) + (c_.)*(x_)"2)), x_Symbol] :> Dist[e”2/(c
*d"2 + a*xe”2), Int[1/(d + exx), x], x] + Dist[1/(c*xd”2 + a*xe”2), Int[(cxd -
cxexx)/(a + cxx"2), x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[c*xd"2 + axe”2,
0]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 633

Int[((d) + (e_)*x(x))/((a_) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Rt[-(
axc), 2]}, Distle/2 + (c*d)/(2xq), Int[1/(-q + c*x), x], x] + Distl[e/2 - (c
xd)/(2%q), Int[1/(q + c*x), x], x]] /; FreeQ[{a, c, d, e}, x] && NiceSqrtQ[
-(axc)]

Rubi steps
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f A + Bcsc(x) gy = f csc(x)(B + Asin(x)) i

a+ bcos(x) a+ bcos(x)

B A B csc(x)
B f(a + b cos(x) " a+ bcos(x)) ax

B csc(x)
_Afa+bcos(x) Bfa+bcos(x)

1 x 1
= (2A) Subst (f PNy A dx, x, tan (E)) — (bB) Subst [f G (b2 - x2) dx, x, b cos(x

Va-btan(3) .
Vo | (B) Subst (f — dx,x,b cos(x)) (bB) Subst (
+

Va-bVa+b a? - b? b2

_1 [ Va-btan(3)

1 2 1

2Atan Vi ) bBlog(a + b cos(x)) B Subst (f - dx, x,bcos(x)) B Subst (f
Va-bva+b ’ a2 - b? ’ 2(a-b) ) 2

Va-btan(3)

Va+b Blog(1 — cos(x)) Blog(l + cos(x)) N bBlog(a + b cos(x))

Vioovasb | 2@+b  2a-b) T

2Atan™!

x, b cos(x)

2Atan™!

Mathematica [A] time = 0.190406, size = 116, normalized size = 1.17

(a-b) tan(

b2—a2

-2A (az - bz) tanh ™" ( ) ) BVb? — a2 ((b -a)log (sm ( )) + (a +b)log (cos ( )) blog(a +b cos(x)))

(a —Db)(a + b)Vb? — a2

Antiderivative was successfully verified.

[In] Integrate[(A + B*Csc[x])/(a + b*Cos[x]),x]

[Out] (-2*%A*(a"2 - b~2)*ArcTanh[((a - b)*Tan[x/2])/Sqrt[-a"2 + b~2]] - Sqrt[-a~2
+ b~2]*Bx((a + b)*Logl[Cos[x/2]] - bxLogla + b*Cos[x]] + (-a + b)*Log[Sin[x/
211))/((a - b)x(a + b)*Sqrt[-a~2 + b~2])

Maple [A] time = 0.027, size = 134, normalized size = 1.4

2 2 _
. _|B_ 2 In (tan(x)) #ﬁa—b) ((tan (;—C)) a-— (tan (g)) b+a+ b) +2 P \/(;%j_b)w arctan (%
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((A+B*csc(x))/(at+b*cos(x)),x)

[Out] B/(a+b)*1n(tan(1/2*x))+1/(a+b)*Bxb/(a-b)*1n(tan(1/2*x) "2*xa-tan(1/2*x) ~2*b+a
+b)+2/ (a+b) / ((a+b)*(a-b)) ~(1/2)*arctan((a-b)*tan(1/2*x)/((a+b)*(a-b))~(1/2)
YxAxa+2/(a+b)/((a+b)*(a-b) )~ (1/2)*arctan((a-b) *tan(1/2*x)/((a+b)*(a-b)) "~ (1/

2) ) *Axb

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*csc(x))/(atb*cos(x)),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 48.048, size = 680, normalized size = 6.87

2ab cos(x)+(2 az—bz) cos(x)2+2 V-a2+b2(a cos(x)+b) sin(x)—a2+2 b2

b2 cos(x)2+2 ab cos(x)+a?

2 (zzz - b2)

Bblog (b2 cos (¥)° + 2 abcos (x) + az) - V-a2 + 2A log( ) —(Ba

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*csc(x))/(atbxcos(x)),x, algorithm="fricas")

[Out] [1/2*(Bxb*log(b~2*cos(x)~2 + 2%a*bxcos(x) + a~2) - sqrt(-a”™2 + b~2)*Axlog((
2%axb*cos(x) + (2*a”2 - b72)*cos(x)"2 + 2*sqrt(-a”2 + b~2)*(a*cos(x) + b)*s

in(x) - a™2 + 2%b72)/(b"2%cos(x) "2 + 2%axbxcos(x) + a"2)) - (Bxa + Bxb)*log
(1/2*cos(x) + 1/2) + (B*a - Bxb)*log(-1/2xcos(x) + 1/2))/(a"2 - b~2), 1/2%(
Bxb*log(b~2*cos(x) "2 + 2%a*bxcos(x) + a”2) + 2*sqrt(a”2 - b~2)*Axarctan(-(a
xcos(x) + b)/(sqrt(a™2 - b~2)*sin(x))) - (B*a + Bxb)*log(1/2*cos(x) + 1/2)

+ (Bxa - Bxb)*log(-1/2*cos(x) + 1/2))/(a"2 - b~2)]
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Sympy [F] time = 0., size = 0, normalized size = 0.

fA+BCSC(x)d
——dx

a+ bcos (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*csc(x))/(atb*cos(x)),x)

[Out] Integral((A + Bxcsc(x))/(a + b*cos(x)), x)

Giac [A] time = 1.16498, size = 155, normalized size = 1.57

atan(;x)_btan(;x)]]A N

2 2 1
Bblog(—atan(%x) +btan(%x) —a—b) 2(n{%+EJsgn(—2a+2b)+arctan[— N

a2 — b2 - Va2 - p2

+ —

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*csc(x))/(at+b*cos(x)),x, algorithm="giac")

[Out] B*b*log(-a*tan(1/2*x)~2 + bxtan(1/2*x)"2 - a - b)/(a"2 - b~2) - 2*(pixfloor
(1/2*%x/pi + 1/2)*sgn(-2*%a + 2xb) + arctan(-(a*tan(1/2*x) - b*xtan(1/2+*x))/sq
rt(a”2 - b~2)))*A/sqrt(a”2 - b~2) + Bxlog(abs(tan(1/2x*x)))/(a + b)
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4
39 f (c+d sec(e+fx)) dx

a+b cos(e+fx)

Optimal. Leaf size=247

d? (6a202 — 4abcd + bzdz) tan(e + fx)  d(2ac — bd) (2azc2 — 2abcd + bzdz) tanh™ (sin(e + £x)) d3(4ac - bd) tanh ™
asf i atf " 2a%f

[Out] (2x(axc - bxd) “4*ArcTan[(Sqrt[a - bl*Tan[(e + fx*x)/2])/Sqrtl[a + bl])/(a~4xS
grtla - b]l*Sqrt[a + bl*f) + (d73*(4*axc - bxd)*ArcTanh[Sin[e + f*xx]])/(2%a"

2xf) + (d*(2xaxc - b*d)*(2*xa~2*c”2 - 2*xaxb*c*d + b~2*d"2)*ArcTanh[Sin[e + f
xx]]1)/(a”4xf) + (d"4*xTan[e + f*x])/(axf) + (d"2x(6*a"2*xc”2 - 4d*axbxcxd + b~
2xd"2)*Tan[e + f*x])/(a”3*f) + (d"3x(4*axc - bxd)*Sec[e + fxx]*Tan[e + fx*x]

)/ (2%a~2+f) + (d"4*Tanl[e + f*x]~3)/(3*axf)

Rubi [A] time = 0.408512, antiderivative size = 247, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 12, number of rules used = 8, integrand size = 25, il LT

0.32, Rules used = {2828, 2952, 2659, 205, 3770, 3767, 8, 3768}

integrand size

d? (6a202 — 4abcd + bzdz) tan(e + fx)  d(2ac — bd) (2a2c2 — 2abcd + bzdz) tanh™ (sin(e + £x)) d3(4ac - bd) tanh ™
asf i atf " 2af

Antiderivative was successfully verified.

[In] Int[(c + d*Secl[e + f*x])~4/(a + b*Cos[e + f*x]),x]

[Out] (2x(axc - bxd) “4*ArcTan[(Sqrt[a - bl*Tan[(e + fx*x)/2])/Sqrtl[a + bl])/(a~4%S
grtla - bl*Sqrt[a + bl*f) + (d73*(4*axc - bxd)*ArcTanh[Sin[e + f*xx]])/(2%a”

2+%f) + (d*(2*axc - b*xd)*(2*xa~2*xc”2 - 2*axb*ckd + b~2*xd"2)*ArcTanh[Sin[e + f
*x]]1)/(a"4*f) + (d"4*xTan[e + f*x])/(a*xf) + (d"2*x(6*a"2*xc”2 — 4xaxb*c*xd + b~
2*%d"2)*Tan[e + f*x])/(a"3*f) + (d"3*(4*a*xc - b*d)*Sec[e + f*x]*Tan[e + f*x]

)/ (2xa”2%f) + (d"4xTanl[e + f*x]~3)/(3*axf)

Rule 2828

Int[(cscl(e_.) + (£_D*x(x_)]*@@_.) + (c D))" (mn_)*((a_) + (b_.)*sin[(e_.) +
(f_)*(x_)1)"(m_.), x_Symbol] :> Int[((a + b*Sin[e + f*x]) m*x(d + c*Sin[e +
f*x])"n)/Sinle + f*x]"°n, x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] &% IntegerQ
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[n]

Rule 2952

Int[((g_.)*sin[(e_.) + (£_D)*& DD~ (p)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x
D" )*((c_) + (d_.)#*sinl(e_.) + (f_)*(x_)1)"(n_), x_Symbol] :> Int[Exp
andTrig[(gxsin[e + f*x]) px(a + b*sin[e + f*x]) m*x(c + dxsin[e + f*x])"n, x
1, x]1 /; FreeQ[{a, b, c, d, e, f, g, n, p}, x] && NeQ[b*c - a*xd, 0] && (Int
egersQ[m, n] || IntegersQ[m, pl || IntegersQ[n, pl) && NeQlp, 2]

Rule 2659

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + b + (
a - b)xe™2xx~2), x], x, Tan[(c + dx*x)/2]1/e], x1] /; FreeQ[{a, b, c, d}, x]

&% NeQ[a~2 - b~2, 0]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 3770

Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + dx*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 3767

Int[csc[(c_.) + (d_)*(x_)]1"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 8

Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 3768

Int[(cscl(c_.) + (d_)*(x_)]*(b_.))"(n_), x_Symbol] :> -Simp[(b*Cos[c + d*x
Jx(b*Csclc + d*x])"(n - 1))/(d*x(n - 1)), x] + Dist[(b™2x(n - 2))/(n - 1), I
nt[(b*Csclc + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &%
IntegerQ[2*n]



Rubi steps

f (c + dsec(e + fx))*

a+bcos(e+ fx)

Mathematica [B]

4ad? (2112 (9c2+d2)—12abcd+3b2d2) sin( % (e+f x)) 4ad? (2112 (962+d2)—12abcd+3b2d2) sin( % (e+f. x))
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e f (d + ccos(e + fx))*sect(e + fx) i

a+bcos(e+ fx)
f[ (ac — bd)* d(2ac — bd) (Zazc2 — 2abed + bzdz) sec(e + fx) d? (6a2c2 -4
= +

a*(a + bcos(e + fx)) a*

1
_dt [secte fryax G- W' s d (e - b)) [secde + frydx (4
B a at a2 -

_ d(2ac - bd) (Zazcz — 2abed + bzdz) tanh ™ (sin(e + fx)) . d®(dac - bd) sec(e + fx) tan(e +

atf 22 f
\/aTbtan 1(e+ X)
2(ac - bd)* tan™ Yrtanlze ) . )
B Vatb , dac — bd) tank” (sin(e + fx)) _d(2ac ~bd) (2a
a*Va —bVa + bf 202 f

time = 3.63652, size = 526, normalized size = 2.13

cos(%(e+fx))—sin(%(e+fx)) ’ sin(%(e+fx))+cos(%(e+fx))

—6d (—azbd (12c2 + dz) +4a3c (202 + dz)

Warning: Unable to verify antiderivative.

[In] Integratel[(c + d*Secl[e + f*x])~4/(a + b*Cos[e + f*x]),x]

[Out] ((-24*(a*c - bxd) 4xArcTanh[((a - b)*Tan[(e + f*x)/2])/Sqrt[-a~2 + b~21])/S
grt[-a”2 + b72] - 6*xd*(8*axb"2*cxd"2 - 2*b~3*d"3 + 4xa”~3*cx(2*c”2 + d72) -
a~2xb*xd* (12%c”2 + d72))*Logl[Cos[(e + f*x)/2] - Sin[(e + f*x)/2]] - 6*d*(-8%
axb”2%c*kd”2 + 2%b73*%d"3 - 4*xa”3*ck(2*%c72 + d72) + a"2xbxd*(12%c”2 + d72))*L
oglCos[(e + fxx)/2] + Sin[(e + f*x)/2]] + (a"2xd"3*%(-3*bxd + ax(12*c + d)))
/(Cos[(e + fxx)/2] - Sin[(e + f*x)/2])"2 + (2*%a~3*d~4*Sin[(e + fx*x)/2])/(Co
s[(e + £*x)/2] - Sinl[(e + fxx)/2])73 + (4*a*d™2*x(-12*axbxcxd + 3%b~2*d"2 +
2%a" 2% (9*%c”2 + d”2))*Sin[(e + f*x)/2])/(Cos[(e + f*x)/2] - Sin[(e + f*x)/2]
) + (2*xa~3*d"4xSin[(e + f*x)/2])/(Cos[(e + f*x)/2] + Sin[(e + f*x)/2])"3 -
(a~2%d"3*(-3*b*d + ax(12*c + d)))/(Cos[(e + f*x)/2] + Sinl[(e + f*x)/2])72 +

(4xaxd~2* (—12*a*xb*ckd + 3*xb"2*xd"2 + 2*%a~2%(9*%c™2 + d~2))*Sin[(e + f*x)/2])
/(Cos[(e + f*x)/2] + Sin[(e + fx*x)/2]))/(12%xa~4x*f)
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Maple [B] time = 0.09, size = 1066, normalized size = 4.3

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c+d*sec(f*x+e))~4/(a+tb*cos(f*x+e)),x)

[Out] -8/f/a/((a+b)*(a-b))~(1/2)*arctan((a-b)*tan(1/2xf*xx+1/2*xe)/((a+b)*(a-b))~ (1
/2))*bxc”3xd+12/f/a~2/((a+b) *(a-b)) " (1/2) *arctan((a-b) xtan(1/2xf*x+1/2xe) /(
(a+b)*(a-b)) ~(1/2))*b~2xc~2xd~2-8/f/a~3/((a+b) *(a-b) )~ (1/2)*arctan((a-b) *ta
n(1/2xf*x+1/2%e)/((a+b)*(a-b)) ~(1/2)) *b~"3*c*d~3+2/f/((atb)*(a-b) )~ (1/2)*arc
tan((a-b)*tan(1/2*xf*x+1/2*e)/((a+b)*(a-b) )~ (1/2))*c~4-1/3/f*d"4/a/(tan(1/2%
fxx+1/2%e)+1)"3-1/fxd"4/a/(tan(1/2xf*x+1/2*%e)+1)+1/2/f*xd"4/a/ (tan(1/2*xf*x+1
/2%e)+1)"2-1/3/f*d"4/a/ (tan(1/2*%f+x+1/2%e)-1) "3-1/f*d"4/a/ (tan(1/2*f*x+1/2%
e)-1)-1/2/f*d"4/a/(tan(1/2xf*x+1/2%e)-1) "2-6/f*d"2/a/ (tan(1/2*xf*x+1/2*e)-1)
*c"2+2/f*d"3/a/ (tan(1/2xf*x+1/2xe)-1)*xc-1/2/f*d"4/a~2/ (tan(1/2xf*x+1/2xe) -1
Yxb-1/f*d"4/a"3/(tan(1/2*xf*xx+1/2%e)-1)*b"2+2/f*d"3/a/(tan(1/2xf*x+1/2%e)-1)
“2%c-1/2/fxd~4/a"2/ (tan(1/2*xf*xx+1/2*%e)-1) "2xb+4/f*xd/a*x1n(tan(1/2xf*x+1/2%*e)
+1)*c”3+2/f*d"3/ax1ln(tan (1/2«f*x+1/2*%e)+1) *c-1/2/f*d"4/a"2*1ln(tan (1/2*xf*x+1
/2%e)+1)*b-1/f*d"4/a"4*1n(tan(1/2*xf*x+1/2*e)+1)*b~3-6/f*d"2/a/ (tan(1/2*xf*x+
1/2%e)+1)*c”2+2/f*d"3/a/ (tan(1/2*xf*x+1/2*xe)+1) *c-1/2/f*d"4/a~ 2/ (tan(1/2*f*x
+1/2%e)+1)*b-1/f*d"4/a~3/(tan(1/2*%f*x+1/2*e)+1) *b"2-2/f*d~3/a/ (tan(1/2*f*x+
1/2%e)+1) " 2%c+1/2/f*xd~4/a"2/ (tan(1/2*xf*x+1/2%e)+1) "2xb-4/f*d/a*1ln(tan(1/2*f
*x+1/2%e)-1)*c"3-2/f*d"3/a*x1ln(tan(1/2xf*x+1/2%e)-1)*c+1/2/f*d"4/a"2*x1n (tan(
1/2xfxx+1/2%e)-1)*b+1/f*d"4/a " 4*x1n(tan(1/2*xf*x+1/2%e)-1) *b"3+4/f*d"3/a~3*1n
(tan(1/2*f*x+1/2%e)+1) *b"2xc+4/f*d~3/a"2/ (tan(1/2*xf*x+1/2*e)+1) *b*xc+6/f*d"2
/a”~2x1n(tan(1/2*xf*x+1/2*%e)-1) *b*xc~2-4/f*d"3/a"3*1n(tan(1/2*xf*x+1/2%e)-1)*b"
2%c+4/f*d"3/a"2/ (tan(1/2xf*x+1/2%e) -1) *b*xc+2/f/a"4/((a+b)*(a-b) )~ (1/2) *arct
an((a-b)*tan(1/2xfxx+1/2*xe)/((a+b)*(a-b)) " (1/2))*b"4xd"4-6/f*d"2/a"2*1n(tan
(1/2%f*x+1/2%e)+1) *b*c™2

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c+d*sec(f*x+e)) 4/ (a+b*cos(f*x+e)),x, algorithm="maxima")
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[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c+d*sec(f*x+e)) 4/ (a+b*cos(f*x+e)),x, algorithm="fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f (c + d sec (e + fx))4 i

a+bcos (e+fx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c+d*sec(fxx+e))**4/(atb*xcos(f*x+e)),x)

[Out] Integral((c + d*sec(e + f*x))**4/(a + bxcos(e + f*x)), x)

Giac [B] time = 1.28761, size = 849, normalized size = 3.44

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c+d*sec(f*x+e)) 4/ (a+b*cos(f*x+e)),x, algorithm="giac")

[Out] 1/6%(3*%(8*%a~3*c~3*d - 12%xa”2%b*c”™2xd"2 + 4*a~3*c*xd™3 + 8*axb~2%cxd~3 - a~2x%
b*xd~4 - 2*xb~3*d"4)*log(abs(tan(l/2xf*x + 1/2xe) + 1))/a"4 - 3*(8xa~3*c~3*d
- 12%a”2%b*xc”2%d"2 + 4*a”3xc*d"3 + 8xaxb~2xc*d"3 - a~2*bxd"4 - 2*b~3*xd"4)x*1
og(abs(tan(1/2*f*x + 1/2%e) - 1))/a"4 - 12x(a"4*c™4 - 4*a~3*xbxc™3*d + 6%a”2
*b72%c72*%d"2 - 4xaxb”3*kc*d”3 + b74*xd"4)*(pi*floor(1/2x(fxx + e)/pi + 1/2)*s
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gn(-2xa + 2xb) + arctan(-(a*xtan(1/2xf*x + 1/2%e) - bxtan(l/2*f*xx + 1/2xe))/
sqrt(a™2 - b72)))/(sqrt(a”2 - b~2)*a"4) - 2x(36xa”2xc”2xd"2xtan(1/2*f*x + 1
/2%e)”5 - 12*%a”2*xcxd"3xtan(1/2*xf*x + 1/2%e)”5 - 24*xaxbxcxd~3xtan(1/2+xf*x +
1/2*e)”"5 + 6*a~2+*d " 4*tan(1/2*xf*x + 1/2*%e)”5 + 3*axb*d"4*tan(1/2*xf*x + 1/2*e
)75 + 6%b72+xd"4*tan(1/2*xf*x + 1/2%e)”5 - 72*a"2%c”2*xd"2*xtan(1/2xfxx + 1/2%e
)73 + 48%axbxc*xd"3xtan(1/2xf*x + 1/2*%e)"3 - 4*xa~2*xd"4xtan(1/2*f*x + 1/2%e)”
3 - 12+«b72xd"4xtan(1/2xf*xx + 1/2%e)”3 + 36*xa~2*xc”~2xd " 2*xtan(1/2xf*x + 1/2%e)
+ 12*%a”2*xcxd"3xtan(1/2%f*x + 1/2%e) - 24*xaxbxcxd~3xtan(1/2*xf*x + 1/2*e) +
6*xa~2+xd"4*xtan(1/2xf*x + 1/2xe) - 3*axb*d"4*xtan(1/2xf*x + 1/2%e) + 6*%b~2*xd"4
xtan(1/2*xfxx + 1/2%e))/((tan(1/2*f*x + 1/2%e)"2 - 1)"3%a~3))/f
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c secle+fx 3
310 [l gy

a+b cos(e+fx)

Optimal. Leaf size=170

— 1
2(ac - bd)? tan™! M
a3 ta

d (3a202 — 3abed + bzdz) tanh™ (sine + fx))  d2(3ac — bd) tan(e + £2) Va+b
+ +
af af Bfva-bVa+b

[Out] (2x(a*c - b*d) "3*ArcTan[(Sqrt[a - b]*Tan[(e + f*x)/2])/Sqrtl[a + bl])/(a~3%S
grtla - bl*Sqrt[a + bl*f) + (d"3*ArcTanh[Sin[e + fxx]])/(2*axf) + (d*(3*a"2

*c72 - 3*axbkxckd + b"2xd"2)*ArcTanh[Sin[e + f*x]])/(a"3*f) + (d~2x(3*a*xc -
bxd)*Tan[e + f*x])/(a"2*f) + (d"3*Sec[e + fxx]*Tan[e + fx*x])/(2*axf)

Rubi [A] time = 0.326846, antiderivative size = 170, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 10, number of rules used = 8, integrand size = 25, e .

0.32, Rules used = {2828, 2952, 2659, 205, 3770, 3767, 8, 3768}

integrand size

— 1
d® ta

d (3a%c2 - 3abed + b?d?) tanh™ (sin(e + £x))  d2(3ac - bd) tan(e + fx) Va+b
3 + 5 + +
a’f a’f a*fVa-bVa+b

Antiderivative was successfully verified.

[In] Int[(c + d*Sec[e + fxx])~"3/(a + b*Cos[e + fxx]),x]

[Out] (2x(a*xc - bxd) “3*ArcTan[(Sqrt[a - bl*Tan[(e + fx*x)/2])/Sqrtl[a + bl])/(a~3%S
grtla - b]l*Sqrt[a + bl*f) + (d73*ArcTanh[Sin[e + fxx]])/(2*axf) + (d*(3*a~2

*Cc72 - 3*xaxbxckd + b~2%d"2)*ArcTanh([Sin[e + fxx]])/(a"3xf) + (d72x(3*a*xc -
bxd)*Tan[e + f*x])/(a"2%f) + (d"3%Secle + f*x]x*Tanle + fxx])/(2%axf)

Rule 2828

Int[(cscl(e_.) + (£_D*(x_)I*x@d_.) + (c D))" (n_)*((a_) + (b_.)*sin[(e_.) +
(f_)*(x_)1)"(m_.), x_Symbol] :> Int[((a + b*Sin[e + f*x]) m*x(d + c*Sin[e +
f*x])"n)/Sinle + f*x]"n, x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && IntegerQ
[n]

Rule 2952
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Int[((g_.)*sin[(e_.) + (f£_D)*(x_)1)"(p_)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x
D)7 m ) *((c ) + (d_)*sin[(e_.) + (f_.)*(x_)]1)"(n_), x_Symbol] :> Int[Exp
andTrig[(gxsin[e + f*x]) px(a + b*sin[e + f*x]) m*x(c + d*sin[e + f*x])"n, x
1, x] /; FreeQ[{a, b, c, d, e, f, g, n, p}, x] & NeQ[b*c - a*d, 0] && (Int
egersQ[m, n] || IntegersQ[m, p]l || IntegersQ[n, pl) && NeQlp, 2]

Rule 2659

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)1)~(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + b + (
a - b)*e"2*xx~2), x], x, Tan[(c + dx*x)/2]1/e], x1] /; FreeQ[{a, b, c, d}, x]

&& NeQ[a"2 - b~2, 0]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 3770

Int[cscl(c_.) + (d_.)*(x_)]1, x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 3767

Int[csc[(c_.) + (d_)*(x_ )] (n_ ), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x~2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 8
Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQ[a, x]

Rule 3768

Int[(cscl(c_.) + (d_)*(x_)I*(b_.))"(n_), x_Symbol] :> -Simp[(b*Cos[c + d*x
J*(b*Csclc + d*x])"(n - 1))/(d*(n - 1)), x] + Dist[(b™2%(n - 2))/(n - 1), I
nt[(b*Csc[c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &&
IntegerQ[2+*n]

Rubi steps
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(c+dsecle+ fx))*  ((d+ccos(e+ fx))sec?(e + fx)
f a+bcos(e+ fx) dx—f a+bcos(e+ fx) ax
) (ac - bd)3 d (3(1202 - 3abed + bzdz) sec(e + fx)  d2(3ac — bd) sec?(e + f
f a3(a + bcos(e + fx)) a3 " a2

1
& [sec’(e+ f)dx N (ac - bd)® [ Ty . (42(3ac - bd)) [ sec?(e + fx)dx N (d
a a ad a? N

d (3azc2 — 3abed + bzdz) tanh™ (sin(e + fx)) N B sec(e + fx)tan(e + fx) . d® [sec(e +

asf 2af 2a
2(ac — bd)® tan™ (M]
Vatb & tanh ' (sine + fx)) 4 (3a2c2 - 3abed + bd?) t
- 2 bVatbf " 2af * T

Mathematica [A] time = 1.19103, size = 335, normalized size = 1.97

-2d (112 (6c2 + dz) — 6abcd + 2b2d2) log (cos (%(e + fx)) —sin (%(e + fx))) +2d (a2 (6c2 + dz) — 6abcd + 2b2d2) log (si

Antiderivative was successfully verified.

[In] Integrate[(c + d*xSec[e + f*x])~3/(a + b*Cosl[e + f*x]),x]

[Out] ((-8*(a*c - b*d) 3*ArcTanh[((a - b)*Tan[(e + f*x)/2])/Sqrt[-a”2 + b~2]])/Sq
rt[-a”2 + b72] - 2kxd*(-6xa*xbkxcxd + 2%b72xd"2 + a"2x(6%c”2 + d~2))*Log[Cos[(

e + f*x)/2] - Sinl[(e + f*x)/2]] + 2*d*(-6*a*b*ckd + 2*xb"2*xd"2 + a~2*(6*c™2

+ d72))*Log[Cos[(e + f*x)/2] + Sin[(e + f*x)/2]] + (a"2*d"3)/(Cos[(e + f*x)

/2] - Sin[(e + f*x)/2])72 + (4*a*xd~2x(3*%axc - bxd)*Sin[(e + f*xx)/2])/(Cos[(

e + fxx)/2] - Sin[(e + fx*x)/2]) - (a~2*d"3)/(Cos[(e + f*x)/2] + Sin[(e + f*
x)/2]1)72 + (4xaxd"2*x(3*a*c — b*d)*Sin[(e + f*x)/2])/(Cos[(e + f*x)/2] + Sin

[(e + £*x)/2]))/(4%a~3%f)

Maple [B] time = 0.074, size = 593, normalized size = 3.5

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((c+d*sec(f*xx+e)) 3/ (a+b*cos(f*xx+e)),x)

[Out] -1/2/f*d"3/a/(tan(1/2*%f*x+1/2%e)+1) "2+3/f*d/a*x1ln(tan(1/2*f*x+1/2*e)+1)*c~2+
1/2/f*d"3/a*1n(tan(1/2*xf*x+1/2%e)+1)-3/f*d"2/a"2*x1n(tan(1/2*xf*x+1/2*e)+1) *b
*c+1/f*d"3/a"3*1n(tan(1/2*xf*x+1/2%e)+1)*b"2-3/f*d"2/a/ (tan(1/2xf*x+1/2xe)+1
Y¥xc+1/2/fxd"3/a/ (tan(1/2xfxx+1/2*xe)+1)+1/f*d"3/a"2/ (tan(1/2xf*x+1/2*e)+1) *b
+1/2/f*d"3/a/ (tan(1/2*xf*x+1/2%e)-1) "2-3/f*d/a*x1ln(tan(1/2*«f*x+1/2*e)-1) *c"2-
1/2/f*d"3/a*1ln(tan(1/2*f*x+1/2*e)-1)+3/f*d"2/a"2*1ln(tan(1/2*xf*x+1/2*e)-1)*b
xc-1/f*d"3/a"3*1n(tan(1/2*xf*x+1/2%e)-1)*b"2-3/f*d"2/a/ (tan(1/2xf*x+1/2xe) -1
Y¥xc+1/2/fxd"3/a/ (tan(1/2*xfxx+1/2*e)-1)+1/f*d"3/a"2/ (tan(1/2xf*x+1/2%e)-1)*b
+2/f/((a+b)*(a-b) )~ (1/2)*arctan((a-b)*tan(1/2xf*xx+1/2*xe)/((a+b)*(a-b))~(1/2
))*c”3-6/f/a/((a+tb)*(a-b) )~ (1/2)*arctan((a-b)*tan(1/2xf*x+1/2*e)/((a+b)*(a-
b))~ (1/2))*bxc~2xd+6/f/a"2/((a+b)*x(a-b)) "~ (1/2)*xarctan((a-b) *tan(1/2xf*x+1/2
*xe)/((a+b)*(a-b)) " (1/2))*b~2*c*xd"2-2/f/a"3/((a+b)*(a-b) )~ (1/2) *arctan((a-b)
xtan (1/2*xf*x+1/2xe) /((a+b)*(a-b) )~ (1/2))*b~3*d"3

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ct+d*sec(f*x+e)) 3/ (atb*cos(f*x+e)),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c+d*sec(f*x+e)) 3/ (atb*cos(f*x+e)),x, algorithm="fricas")

[Out] Timed out
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Sympy [F] time = 0., size = 0, normalized size = 0.

f (c +d sec (e + fx))3 ”

a+bcos (e+fx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c+d*sec(f*x+e))**3/(atb*cos(f*x+e)),x)

[Out] Integral((c + d*sec(e + f*x))*x3/(a + b*cos(e + f*x)), x)

Giac [B] time = 1.24752, size = 475, normalized size = 2.79

3.3_3,2}-2 2.42_1,3 43 2
(6 a%c?2d—6 abcd®+a®d3+2 b2d3) 10g(|tan(%fx+% e)+1|) (6a2c2d—6 abed?+a2d+2 h2d3) log(|tan(%fx+%e)—1|) 4(a -3 abctd 3 abed” b7 )[n{

a3 a3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c+d*sec(fxx+e)) 3/ (a+b*cos(f*x+e)),x, algorithm="giac")

[Out] 1/2*%((6%a~2+c™2*%d - 6%a*xb*cxd™2 + a~2*%d"3 + 2*b~2*d"3)*log(abs(tan(1/2*f*x
+ 1/2%e) + 1))/a"3 - (6*%a”2*c”2*d - 6*axb*xc*d™2 + a~2%d"3 + 2%b~2%d"3)*1log(
abs(tan(1/2xf*x + 1/2xe) - 1))/a”3 - 4*x(a”3*%c™3 - 3xa~2xbxc™2xd + 3*xa*xb~2*c
*d~2 - b~3%d"3)*(pi*floor(1/2*(f*x + e)/pi + 1/2)*sgn(-2*a + 2xb) + arctan(
-(axtan(1/2*xfxx + 1/2%e) - b*tan(l/2xf*x + 1/2xe))/sqrt(a™2 - b72)))/(sqrt(
a”2 - b"2)*a"3) - 2x(6xaxc*xd"2xtan(1/2*f*x + 1/2%e)”3 - axd"3xtan(l/2xfxx +
1/2%e)”3 - 2xb*d”"3xtan(1/2*xfxx + 1/2%e)”3 - 6*xa*xckd™2*tan(1/2xf*x + 1/2xe)
- axd"3*xtan(1/2xf*x + 1/2xe) + 2xb*d~3xtan(1/2*fxx + 1/2%e))/((tan(1/2xf*x
+ 1/2%e)"2 - 1)72*%a"2))/f
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c secle+fx 2
311 [ gy

a+b cos(e+fx)

Optimal. Leaf size=103

1 \/aTbtan(%(eﬂfx))
2(ac — bd)? tan " | —— 2 7 |
Vatb . d(2ac — bd) tanh ™" (sin(e + fx)) .\ d? tan(e + fx)
a?fVa-bVa+b a?f af

[Out] (2x(a*c - bxd) "2*ArcTan[(Sqrt[a - b]*Tan[(e + f*x)/2])/Sqrtl[a + bl])/(a~2%S
grtla - b]*Sqrt[a + bl*f) + (d*(2%a*c - b*xd)*ArcTanh([Sin[e + fx*x]])/(a~2xf)
+ (d"2#Tan[e + fx*x])/(axf)

Rubi [A] time = 0.270628, antiderivative size = 103, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 7, integrand size = 25, e .

0.28, Rules used = {2828, 2952, 2659, 205, 3770, 3767, 8}

integrand size

1 \/aTbtan(%(fo))
2(ac - bd)* tan™ | —————- )
Va+b , d(2ac - bd) tanh " (sin(e + fx) | d2 tan(e + fx)
a?fVa-bVa+b a>f af

Antiderivative was successfully verified.

[In] Int[(c + d*Secl[e + f*x])"2/(a + b*Cos[e + fx*xx]),x]

[Out] (2x(a*xc - bxd) “2*ArcTan[(Sqrt[a - bl*Tan[(e + fx*x)/2])/Sqrtl[a + bl])/(a~2%S
grtla - bl*Sqrt[a + bl*f) + (d*(2%a*c - b*d)*ArcTanh([Sin[e + f*x]])/(a~2xf)
+ (d"2xTan[e + fx*xx])/(axf)

Rule 2828

Int[(cscl(e_.) + (f_D)*(x_)]*x(@d_.) + (c D))" (n_.)*x((a_) + (b_.)*sin[(e_.) +
(f_)*x)1)"(m_.), x_Symbol] :> Int[((a + b*Sin[e + f*x]) m*x(d + c*Sin[e +
f*x])"n)/Sinle + f*x]°n, x] /; FreeQ[{a, b, c, d, e, £, m}, x] &% IntegerQ
[n]

Rule 2952

Int[((g_.)*sin[(e_.) + (£_D)*& DD~ (p)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x
D7) *((c ) + (d_.)*sin[(e_.) + (f_.)*(x_)]1)"(n_), x_Symbol] :> Int[Exp
andTrig[(gxsin[e + f*x]) px(a + b*sin[e + f*x]) m*x(c + dxsin[e + f*x])"n, x
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1, x]1 /; FreeQ[{a, b, c, d, e, f, g, n, p}, x] && NeQ[b*c - a*xd, 0] && (Int
egersQ[m, n] || IntegersQ[m, pl || IntegersQ[n, pl) && NeQlp, 2]

Rule 2659

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + b + (
a - b)xe"2xx72), x], x, Tanl[(c + d*x)/2]1/e]l, x]1] /; FreeQ[{a, b, c, d}, x]

&& NeQ[a"2 - b"2, 0]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 3770

Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]

Rule 3767

Int[csc[(c_.) + (d_)*(x_)]1"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 8

Int[a_, x_Symbol]l :> Simpl[a*x, x] /; FreeQ[a, x]

Rubi steps
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(c+dsecle+ fx))*  (d+ccos(e+ fx))*sec?(e + fx)
f a+bcos(e+ fx) dx—f a+bcos(e+ fx) ax

B (ac — bd)? d(2ac — bd) sec(e + fx)  d?sec?(e + fx)

= f (aZ(a Thcose+ fx) 2 * a ) =

1
P [ sec?(e + fx)dx .\ (ac ~ bd)medx N (d(2ac - bd)) [ sec(e + fx)dx
B a a2 a2

_ d(ac - bd) tanh”\sin(e + fx))  @* Subst([1dx,x,— tan(e + fx)) . (2(ac - bdy?) Sut

a’f af
~ \/ﬁtan(%(ﬁfx))
2(ac - bd)? tan ™t | ————~ 1
i Va+b , d@ac - bd) tanh™ (sin(e + fx)) d? tan(e + fx)
N~ ba + bf “f &

Mathematica [A] time = 0.814708, size = 135, normalized size = 1.31

d(ad tan(e + £) - (2ac - bd) (log (cos(%(e " fx)) - sin(%(e + fx))) ~log (sin(%(e ¥ fx)) + cos 3(e + fx))))) _2
a’f

Antiderivative was successfully verified.

[In] Integrate[(c + d*Secl[e + f*x])~2/(a + b*Cos[e + f*x]),x]

[Out] ((-2*(a*c - b*d) " 2xArcTanh[((a - b)*Tan[(e + f*x)/2])/Sqrt[-a~2 + b~2]]1)/Sq
rt[-a”2 + b72] + dx(-((2*a*c - b*d)*(Log[Cos[(e + f*x)/2] - Sin[(e + f*x)/2

1] - Logl[Cos[(e + f*x)/2] + Sin[(e + f*x)/2]]1)) + axdxTanl[e + fx*x]))/(a”~2xf

)

Maple [B] time = 0.059, size = 288, normalized size = 2.8

_f(tan(g +) +1)_1 +zd1“(ta“(”2;:”/2) Fl)e jj;‘;ln(tan(ﬁ +3) +1)_]‘f_2(tan(f_x +3)-1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c+d*sec(f*xx+e)) "2/ (a+b*cos(f*x+e)),x)
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[Out] -1/f*d"2/a/(tan(1/2xf*x+1/2%e)+1)+2/f*d/a*x1n(tan(1/2*xf*x+1/2%e)+1)*c-1/f*d™
2/a"2*In(tan(1/2*xf*xx+1/2xe)+1)*b-1/f*d"2/a/(tan(1/2xf*x+1/2xe)-1)-2/f*d/ax*l
n(tan(1/2xfxx+1/2%e)-1) *c+1/f*d"2/a"2x1n(tan(1/2*%f*x+1/2*e) -1) *b+2/f/ ((a+b)
*(a-b)) " (1/2)*arctan((a-b)*tan(1/2+«f*x+1/2*e) /((a+b)*(a-b) )~ (1/2))*c"2-4/f/
a/((a+b)*(a-b)) " (1/2)*arctan((a-b) *tan(1/2*xf*x+1/2*e)/((a+b)*(a-b)) " (1/2))*
bxc*xd+2/f/a"~2/((a+b)*(a-b) )~ (1/2)*arctan((a-b)*tan(1/2xf*x+1/2xe) / ((a+b) *(a
-b))~(1/2))*b~2xd"2

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c+d*sec(fx*x+e)) 2/ (a+b*cos(f*x+e)),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 27.1638, size = 1123, normalized size = 10.9

2ab cos(fx+e)+(2 az—bz) cos( x+e)2+2 v —u2+b2(¢

b2 cos(fx+e)2+2 ab cos(f

2 (a3 - abz)dz sin (fx + e) - (azcz —2abed + bzdz)\/—az + b2 cos (fx + e) log(

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c+d*sec(f*x+e)) 2/ (at+b*xcos(f*x+e)),x, algorithm="fricas")

[Out] [1/2%(2x(a”3 - a*b”2)*d"2*sin(f*x + e) - (a”2*c”™2 - 2xa*xbkcxd + b~2*d"2)*sq
rt(-a”2 + b"2)*cos(f*x + e)*log((2xa*xbxcos(f*x + e) + (2%¥a”2 - b72)*cos(f*x

+ e)72 + 2xsqrt(-a”2 + b"2)x(axcos(f*x + e) + b)*sin(f*xx + e) - a”2 + 2xb~
2)/(b~"2xcos(f*xx + e)”2 + 2xa*xbxcos(f*xx + e) + a”2)) + (2x(a”3 - a*xb™2)*cxd

- (a"2%b - b73)*d"2)*cos(f*x + e)xlog(sin(f*x + e) + 1) - (2x(a”3 - a*xb™2)*

cxd - (a”2*%b - b~3)*d"2)*cos(f*x + e)*log(-sin(f*x + e) + 1))/((a”™4 - a"2%b
“2)xfxcos(fxx + e)), 1/2*x(2+x(a”~3 - a*b"2)*d"2*sin(f*x + e) + 2*x(a"2*c™2 - 2
xaxb*xcxd + b~2+d"2)*sqrt(a”2 - b~2)*arctan(-(a*cos(f*x + e) + b)/(sqrt(a”2

- b"2)*sin(f*x + e)))*cos(f*xx + e) + (2%(a”3 - a*b™2)*c*d - (a”2*%b - b~3)*d
“2)xcos(f*x + e)*log(sin(f*x + e) + 1) - (2%x(a”3 - a*xb”2)*cxd - (a”2*b - b~



3)*xd"2)*cos (f*x + e)*log(-sin(f*x + e) + 1))/((a”4 - a~2%b~2)xf*xcos(f*x + e

))]

71

Sympy [F] time = 0., size = 0, normalized size = 0.

f (c +d sec (e + fx))2 ”

a+bcos (e+fx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ct+d*sec(f*x+e))**2/(atb*cos(f*x+e)) ,x)

[Out] Integral((c + d*sec(e + f*x))*x2/(a + b*cos(e + f*x)), x)

Giac [B] time = 1.20632, size = 274, normalized size = 2.66

22_ 2,2\[ | £2e le _
242 tan(%fx+%e) (Zacd—hdz) 10g(|tan(%fx+%e)+1|) N (Zacd—bdz) 10g(|tan(%fx+%e)—1|) Z(a c*~2abed+b7d )[n{ 2n T3 [fen(2a+2
a? a? Va2

(tan(% fx+% 6)2—1)11

f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c+d*sec(f*x+e)) 2/ (atb*cos(f*x+e)),x, algorithm="giac")

[Out] -(2xd~2*tan(1/2*xf*xx + 1/2xe)/((tan(1l/2xf*x + 1/2%e)”2 - 1)*a) - (2%axcxd -

b*xd~2)*log(abs(tan(1/2xf*x + 1/2%e) + 1))/a"2 + (2%a*xcxd - bxd~2)*log(abs(t
an(1/2xf*x + 1/2%xe) - 1))/a”2 + 2x(a”2*c”™2 - 2xaxb*xcxd + b~2*d~2)*(pixfloor

(1/2x(f*xx + e)/pi + 1/2)*sgn(-2%a + 2%b) + arctan(-(axtan(1l/2*f*x + 1/2%e)

- bxtan(1/2*f*x + 1/2%e))/sqrt(a™2 - b72)))/(sqrt(a”2 - b™2)*a"2))/f
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319 f c+d sec(e+fx) dx

a+b cos(e+fx)

Optimal. Leaf size=76

i \/ﬁtan(%(ﬁf"))
2(ac - bd) tan™ | ————— -1
Jath , dtanh” (sin(e + fx))
af\/m\/m f

[Out] (2x(a*c - bxd)*ArcTan[(Sqrt[a - blx*Tan[(e + f*x)/2])/Sqrtla + bl])/(a*Sqrt[
a - bl*Sqrt[a + b]l*f) + (dxArcTanh[Sin[e + fx*x]])/(axf)

Rubi [A] time = 0.137298, antiderivative size = 76, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 23, fUmer o e

0.217, Rules used = {2828, 3001, 3770, 2659, 205}

integrand size

1 \/aTbtan(%(eﬂfx))
2(ac - bd) tan™ | ——— »
Vatb N dtanh ~(sin(e + fx))
afVa-bva+b af

Antiderivative was successfully verified.

[In] Int[(c + d*Secle + fxx])/(a + b*Cos[e + f*x]),x]

[Out] (2x(a*c - bxd)*ArcTan[(Sqrt[a - blx*Tan[(e + f*x)/2])/Sqrtla + bl])/(a*Sqrt[
a - bl*Sqrt[a + bl*f) + (d*ArcTanh[Sin[e + f*x]])/(axf)

Rule 2828

Int[(cscl(e_.) + (£_D*(x_)]*x(d_.) + (c D))" (n_)*((a_) + (b_.)*sin[(e_.) +
(f_)*(x_)1)"(m_.), x_Symbol] :> Int[((a + b*Sin[e + f*x]) m*x(d + c*Sin[e +
f*xx])"n)/Sinle + f*x]"n, x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && IntegerQ
[n]

Rule 3001

Int[((A_.) + (B_.)*sin[(e_.) + (f_.)*x(x_)])/(((a_.) + (b_.)*sin[(e_.) + (f_
Dx(x )]1)*((c_.) + (d_.)*sin[(e_.) + (f_.)*(x_)]1)), x_Symbol] :> Dist[(A*Db
- axB)/(bxc - axd), Int[1/(a + b*Sin[e + f*x]), x], x] + Dist[(B*c - Axd)/(
bxc - axd), Int[1/(c + d*Sin[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f,
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A, B}, x] && NeQ[bxc - axd, 0] && NeQ[a"2 - b72, 0] && NeQ[c~2 - d~2, 0]

Rule 3770

Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]1/d, x]
/; FreeQ[{c, d}, x]

Rule 2659

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)1)~(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + b + (
a - b)xe™2xx"2), x], x, Tan[(c + d*x)/2]1/el, x]1] /; FreeQ[{a, b, c, d}, x]
&& NeQ[a"2 - b~2, 0]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

dx

c +dsec(e + fx) dy — (d +ccos(e + fx))sec(e + fx)
fa+bcos(e+fx) B a+bcos(e+ fx)

1
d f sec(e + fx)dx (ac - bd)f a+bcos(et ) dx
= +

a a
B dtanh_l(sin(e + £x)) . (2(ac — bd)) Subst (f m dx, x, tan (%(e + fx)))
llf af
2(ac — bd) tan™ (M)
_ Va+b . d tanh ™ (sin(e + £x))
ava-bva+bf af

Mathematica [A] time = 0.144669, size = 112, normalized size = 1.47

(a-b) tan(%(ﬁfx))

2bd—2ac) tanh ™t
( ) [ o

NEa +d (log (sin (%(e + fx)) + cos (%(e + fx))) - log (cos (%(e + fx)) —sin (%(e + fx))))

af

Antiderivative was successfully verified.
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[In] Integrate[(c + d*Secle + f*x])/(a + bxCos[e + f*x]),x]

[Out] (((-2*%a*xc + 2*bxd)*ArcTanh[((a - b)*Tan[(e + f*x)/2])/Sqrt[-a”2 + b~2]])/Sq
rt[-a”2 + b~2] + d*(-Logl[Cos[(e + f*x)/2] - Sin[(e + f*x)/2]] + Logl[Cos[(e
+ f*x)/2] + Sin[(e + f*x)/2]]1))/(axf)

Maple [A] time = 0.054, size = 135, normalized size = 1.8

fx (a—Db)tan (1/2 fx+ e/2)

4 fx ey -4 fx e\ c
faln(tan(z +2)+1) fa ln(tan(z +2) 1)+2f —(a+b)(a—b) arctan —(a+b)(a—b) fa

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c+d*sec(f*x+e))/(atbxcos(f*x+e)),x)

[Out] 1/f*xd/a*1ln(tan(l/2xf*x+1/2%e)+1)-1/f*d/a*1ln(tan(1/2xf*x+1/2%e)-1)+2/f/((a+b
Y*(a-b))~(1/2)*arctan((a-b)*tan(1/2xf*xx+1/2*xe)/((a+b)*(a-b))~(1/2))*c-2/f/a
/((a+b)*(a-b)) " (1/2)*arctan((a-b)*tan(1/2xf*xx+1/2*xe)/((a+b)*(a-b)) " (1/2))*b

*d

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c+d*sec(f*x+e))/(atb*cos(f*x+e)),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 3.61751, size = 678, normalized size = 8.92

(112 _ bz)d log (sin (fx + 8) + 1) _ (uz _ bz)d log (_ sin (fx n E) " 1) + \/m(ac ~ bd)log 2abcos(fx+e)+(2g2_b2) cos

bc
2 (a3 - abz)f
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c+d*sec(fx*x+e))/(atb*cos(f*x+e)),x, algorithm="fricas")

[Out] [1/2%((a”2 - b~2)*dxlog(sin(f*x + e) + 1) - (a”2 - b~2)*d*log(-sin(f*x + e)
+ 1) + sqrt(-a”2 + b~2)*(a*c - b*d)*log((2*axb*cos(f*x + e) + (2%xa”2 - b~2
)*cos(f*x + e)72 - 2*sqrt(-a”2 + b72)*(axcos(f*x + e) + b)*sin(f*x + e) - a

T2 + 2%b72)/(b"2%cos(f*x + e)72 + 2*axbxcos(f*x + e) + a”2)))/((a”3 - axb~2

)*¥f), 1/2x((a”2 - b~2)*d*log(sin(f*x + e) + 1) - (2”2 - b™2)*d*log(-sin(f*x

+e) + 1) + 2xsqrt(a”2 - b"2)*(a*c - b*xd)*arctan(-(a*xcos(f*x + e) + b)/(sq
rt(a”2 - b 2)*sin(f*x + e))))/((a"3 - a*b™2)*f)]

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

fc+dsec(e+fx)

a+bcos (e+fx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c+d*sec(f*x+e))/(atb*cos(f*x+e)),x)

[Out] Integral((c + d*sec(e + f*x))/(a + b*cos(e + f*x)), x)

Giac [A] time = 1.20483, size = 180, normalized size = 2.37

fxt+e 1 atan(% f?H'% E)*b tan(% fx+% g)
d log(|tan(% fx+% e)+1|) d log(|tan(% fx+% e)—1|) 2 [n{ﬁ+stgn(—2 a+2 b)+arctan[— T D(ac—bd)
- _ ! _ Va2-b2a

f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ct+d*sec(f*x+e))/(atb*cos(f*x+e)),x, algorithm="giac")

[Out] (d*log(abs(tan(1/2xf*x + 1/2%e) + 1))/a - dxlog(abs(tan(1/2*f*x + 1/2%e) -
1))/a - 2x(pi*floor(1/2*(f*x + e)/pi + 1/2)*sgn(-2%a + 2*b) + arctan(-(a*ta
n(1/2xf*x + 1/2%e) - bxtan(l/2*f*x + 1/2%e))/sqrt(a”2 - b~2)))*(a*c - b*xd)/
(sqrt(a™2 - b™2)*a))/f
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313 [ : dx

(a+b cos(e+fx))(c+d sec(e+fx))

Optimal. Leaf size=121

\/_tan( (e+fx)) \/_tan( (e+fx))
2atan”! — 2dtanh™’ — v

fVa—-bVa+ b(ac - bd) fVec—dvVc+d(ac - bd)

[Out] (2xaxArcTan[(Sqrtl[a - bl*Tan[(e + f*x)/2])/Sqrtla + bl])/(Sqrtla - bI*Sqrtl[
a + bl*(axc - bxd)*f) - (2*d*ArcTanh[(Sqrt[c - d]*Tan[(e + f*x)/2])/Sqrtlc
+ d]])/(Sqrtlc - dl*Sqrtlc + dl*(axc - bxd)x*f)

Rubi [A] time = 0.265811, antiderivative size = 121, normalized size of antiderivative =
1., number of steps used = 6, number of rules used = 5, integrand size = 25, M =

integrand size
0.2, Rules used = {2828, 3001, 2659, 205, 208}

\/_tan( (e+fx)) Y \/_tan( (e+fx))

fVa—-bVa+ b(ac - bd) fVec—dvVc+d(ac - bd)

Antiderivative was successfully verified.

[In] Int[1/((a + b*Cos[e + fxx])*(c + d*Secl[e + f*x])),x]

[Out] (2*%axArcTan[(Sqrtla - b]*Tan[(e + f*x)/2])/Sqrtla + bl])/(Sqrtla - bl*Sqrtl
a + bl*(a*xc - bxd)*f) - (2*d*ArcTanh[(Sqrt[c - d]*Tan[(e + f*x)/2])/Sqrtlc
+ d]])/(Sqrtlc - dl*Sqrtlc + dl*(a*xc - bxd)*f)

Rule 2828

Int[(cscl(e_.) + (f_D)*(x_)I*(@d_.) + (c_ D))" (n_.)*x((a_) + (b_.)*sin[(e_.) +
(f_)*x)1)"(m_.), x_Symbol] :> Int[((a + b*Sin[e + f*x]) m*x(d + c*Sin[e +
f*x])"n)/Sinle + f*x]°n, x] /; FreeQ[{a, b, c, d, e, £, m}, x] &% IntegerQ
[n]

Rule 3001

Int[((A_.) + (B_.)#*sin[(e_.) + (£_.)*(x)1)/(((a_.) + (b_.)*sin[(e_.) + (f_
D*x(x_)1)*((c_.) + (d_.)*sin[(e_.) + (f_.)*(x_)]1)), x_Symbol] :> Dist[(Axb
- axB)/(bxc - axd), Int[1/(a + b*Sin[e + f*xx]), x], x] + Dist[(Bxc - Axd)/(
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b*c - axd), Int[1/(c + d*Sinle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f,
A, B}, x] && NeQ[bxc - a*xd, 0] && NeQ[a"2 - b~2, 0] && NeQ[c~2 - 472, 0]

Rule 2659

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + b + (
a - b)xe"2xx72), x], x, Tanl[(c + d*x)/2]1/e]l, x]1] /; FreeQ[{a, b, c, d}, x]

&& NeQ[a"2 - b"2, 0]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQla/Db]

Rubi steps

1 gy — cos(e + fx) p
f (a+bcose+ f)c+dsece+ o) J @+ beosie+ fx)d+ccose+ fx)

1 1
_ a f a+b cos(e+fx) dx _ df d+c cos(e+fx) dx
B ac — bd ac — bd

) (2a) Subst (f m dx, x, tan (%(e + fx))) (2d) Subst (f

(ac - bd)f
1 \/ﬁtan(%(wfx)) 1 @tan(%(ﬁfx))
Va+b Verd

2atan” ) 2d tanh™

B Va—-bVa+bac - bd)f Ve —dVc+d(ac - bd)f

Mathematica [A] time = 0.212984, size = 106, normalized size = 0.88

1 1
(d—c)tan( 5 (e+fx) (a-=b) tan( 5 (e+fx)
2d tanhl[#] 2a tanhl[#]

e - V22
acf —bdf

Antiderivative was successfully verified.
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[In] Integrate[1/((a + b*Cos[e + f*x])*(c + d*Secle + f*x])),x]

[Out] ((-2%a*ArcTanh[((a - b)*Tan[(e + fxx)/2])/Sqrt[-a"2 + b~2]])/Sqrt[-a"2 + b~
2] + (2xd*ArcTanh[((-c + d)*Tan[(e + f*x)/2])/Sqrtlc”2 - d~2]])/Sqrt[c”2 -

d~2])/(axcxf - bxdx*f)

Maple [A] time = 0.071, size = 110, normalized size = 0.9

d (c—d)tan (1/2 fx + ¢/2) N (a - b) tan 1

a
vy N T Voo s ) e Yarhesh @rb

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+b*cos(f*x+e))/(c+d*sec(f*xx+e)),x)

[Out] -2/f*d/(axc-b*d)/((c+d)*(c-d))~(1/2)*arctanh((c-d)*tan(1/2*xf*xx+1/2%e)/((c+d
Y*x(c-d))~(1/2))+2/f*xa/(axc-b*d) /((a+b)*(a-b) )~ (1/2)*arctan((a-b)*tan(1/2*f*
x+1/2%e) /((a+b)*(a-b))~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cos(f*x+e))/(c+d*sec(f*x+e)),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 11.5093, size = 2182, normalized size = 18.03

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cos(f*x+e))/(c+d*sec(f*x+e)),x, algorithm="fricas")
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[Out] [-1/2*%((a"2 - b"2)*sqrt(c™2 - d"2)*d*log((2*c*d*cos(f*x + e) - (c72 - 2xd72
)*kcos(f*xx + e)72 + 2*xsqrt(c™2 - d72)*(dxcos(f*x + e) + c)*sin(f*x + e) + 2%
c™2 - d72)/(c"2*cos(f*x + e)72 + 2*cxd*cos(f*x + e) + d72)) - (a*xc”™2 - axd”
2)*sqrt(-a”2 + b~2)*log((2xa*b*cos(f*xx + e) + (2*¥a”2 - b~ 2)xcos(f*x + e)~2
- 2xsqrt(-a”2 + b"2)*(axcos(f*x + e) + b)*sin(f*x + e) - a2 + 2*b~2)/(b~2x
cos(f*x + e)72 + 2%axbxcos(f*x + e) + a”2)))/(((a”3 - a*xb”2)*c”3 - (a™2%b -
b73)*c72*%d - (a”3 - a*b”2)*c*kd”2 + (a”2%b - b73)*d"3)*f), -1/2x(2+%(a”2 - b
~2)xsqrt(-c”2 + d72)*d*arctan(-sqrt(-c”2 + d"2)*(d*cos(f*x + e) + c)/((c"2
- d72)*sin(f*x + e))) - (axc™2 - a*d™2)*sqrt(-a”2 + b~2)*log((2*axb*cos(f*x
+ e) + (2%a”2 - b"2)*cos(f*x + e)72 - 2*sqrt(-a”2 + b~2)*(a*xcos(f*x + e) +
b)*sin(f*x + e) - a”2 + 2%b72) /(b 2*cos(f*x + e)72 + 2*axbxcos(f*x + e) +
a”2)))/(((a”3 - a*xb”2)*c™3 - (a”2*b - b™3)*c™2*d - (2”3 - a*b™2)*cxd”2 + (a
“2%b - b73)*d"3)*f), -1/2%((a”2 - b"2)*sqrt(c”2 - d72)*d*xlog((2*xc*d*cos (f*x
+e) - (c72 - 2xd"2)*cos(f*x + e)72 + 2*sqrt(c”™2 - d72)*(d*cos(f*x + e) +
c)*sin(f*x + e) + 2xc”2 - d72)/(c"2xcos(f*x + e)~2 + 2*ckxd*cos(f*x + e) + d
~2)) - 2*%(axc”2 - axd”2)*sqrt(a”2 - b~2)*arctan(-(a*cos(f*x + e) + b)/(sqrt
(™2 - b™2)*sin(f*x + e))))/(((a"3 - a*xb™2)*c™3 - (a"2%b - b™3)*c"2+d - (a”
3 - axb”2)xc*xd”"2 + (a”2*%b - b73)*xd"3)xf), -((a”2 - b"2)*sqrt(-c”2 + d72)*dx
arctan(-sqrt(-c”2 + d"2)*(d*cos(f*x + e) + c)/((c”2 - d"2)*sin(f*x + e))) -
(a*xc™2 - axd~2)*sqrt(a”2 - b~2)*arctan(-(axcos(f*x + e) + b)/(sqrt(a”™2 - b
“2)*xsin(f*xx + €))))/(((a”3 - a*b”2)*c”3 - (a”2%b - b™3)*c"2xd - (a”3 - a*b”
2)*xc*d”™2 + (a”2*%b - b73)*d"3)*f)]

Sympy [F] time = 0., size = 0, normalized size = 0.

1

Jﬁ(u+—bcos(e4-fx))(c4-dsec(e4—fx))dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cos(f*x+e))/(ctd*sec(f*x+e)),x)

[Out] Integral(1/((a + b*cos(e + f*x))*(c + dxsec(e + f*x))), x)

Giac [B] time = 1.33298, size = 690, normalized size = 5.7

1 1
tan(s fx+5e
(\/uz—bzacla—bl—\/az—bz(zu—b)dla—b|+\/u2—b2|ac—bd||a—b|) HVZX:,+%J+arctan (2729 (\/—c2+d2a(c—2d)l—c+a
\/hc—ad+\/(ac+bc+ad+hd)(uc—hc—ad+bd)+(bc—ﬂd)2
ac—bc—ad+bd

(a2-2 ub+b2)(ac—bd)2+(a2b—2 ab?+b3)clac—bd|—(a3~2 a2b+ab? )dlacbd)|

+
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cos(f*x+e))/(c+d*sec(f*x+e)),x, algorithm="giac")

[Out] ((sqrt(a™2 - b~2)*axc*abs(a - b) - sqrt(a”™2 - b72)*(2*a - b)*d*abs(a - b) +
sqrt(a”™2 - b~2)*abs(a*xc - bxd)*abs(a - b))*(pi*xfloor(1/2x(f*x + e)/pi + 1/
2) + arctan(tan(l/2*f*xx + 1/2%e)/sqrt((bxc - axd + sqrt((a*xc + b*c + axd +
bxd)*(axc - bkc - axd + bxd) + (b*c - a*xd)~2))/(a*xc - b*c - a*xd + b*d))))/(
(a™2 - 2*xaxb + b72)*(axc - b*d)"2 + (a”2%b - 2*a*b”2 + b~3)*cxabs(axc - bxd
) - (a3 - 2*xa"2xb + axb~2)*d*abs(a*c - bxd)) + (sqrt(-c”2 + d~2)*a*x(c - 2%
d)*abs(-c + d) + sqrt(-c”2 + d72)*b*d*abs(-c + d) - sqrt(-c”2 + d~2)*abs(ax*
c - bxd)*abs(-c + d))*(pi*floor(1/2*(f*x + e)/pi + 1/2) + arctan(tan(1/2*fx*
x + 1/2%e)/sqrt((bxc - a*d - sqrt((a*xc + bxc + axd + bxd)*(a*xc - b*c - axd
+ b*xd) + (b*c - a*d)~2))/(a*xc - b*c - a*xd + bxd))))/((a*xc - bxd)"2*(c™2 - 2
xcxd + d72) + (c72xd - 2%c*xd™2 + d73)*axabs(a*xc - bxd) - (c73 - 2xc72xd + c
*d~2) xbxabs(a*c - bxd)))/f
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314 | : dx

(a+Db cos(e+ fx))(c+d sec(e+fx))?

Optimal. Leaf size=187

\/_tan( (@+fx)) \/_tan( (e+fx)‘

2 2 _ 2 - |

2a% tan” [—m ) ) Zsine + X ) 2d (2ac ad bcd) tanh™* N
fVa—-bVa+ b(ac - bd)? f (c2 - dz) (ac — bd)(c cos(e + fx) + d) f(c—d)32(c + d)¥2(ac — bd)?

[Out] (2*a~2*ArcTan[(Sqrtl[a - bl*Tan[(e + f*x)/2])/Sqrtla + b]])/(Sqrtla - bl*Sqr
tla + blx(axc - b*d)"2*xf) - (2%d*(2*%a*c”™2 - b*xcxd - a*d™2)*ArcTanh[(Sqrt([c

- d]*Tan[(e + f*x)/2])/Sqrtlc + d]]1)/((c - d)~(3/2)x(c + d)~(3/2)*(axc - Dbx
d)"2xf) + (d"2xSinf[e + fxx])/((a*c - bxd)*(c™2 - d~2)*f*x(d + c*Cos[e + f*x]

)

Rubi [A] time = 0.631187, antiderivative size = 187, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 25, e -

integrand size
0.24, Rules used = {2828, 3056, 3001, 2659, 205, 208}

Va- tan( (e+fx)) V- tan( (e+fx)‘
2 2 _ a2 -1 |
2a° tan~ [ NP ) Psinte + e 2d (Zac ad bcd) tanh T
fNa—bVa+ b(ac - bd)? * f (2 = ) (ac - bd)(c cos(e + fx) +d) f(c—d)32(c + d)¥2(ac - bd)?

Antiderivative was successfully verified.

[In] Int[1/((a + b*Cosl[e + fx*x])*(c + d*Secle + fxx])~2),x]

[Out] (2*a~2*ArcTan[(Sqrtl[a - b]*Tan[(e + f*x)/2])/Sqrtla + b]])/(Sqrtla - bl*Sqr
tla + blx(a*xc - bxd) "2xf) - (2*%d*(2*%a*c™2 - b*c*d - axd~2)*ArcTanh[(Sqrt([c

- dJ*Tan[(e + f*x)/2])/Sqrtlc + d]])/((c - d)7(3/2)*(c + d)~(3/2)*(a*xc - b*
d)~"2xf) + (d"2xSinf[e + f*xx])/((a*c - bxd)*(c™2 - d~2)*f*(d + c*Cos[e + f*x]

)

Rule 2828

Int[(cscl(e_.) + (f_.)x(x_)1*(@d_.) + (c_))"(n_.)*((a_) + (b_.)*sin[(e_.) +
(f_)*(x)1)"(m_.), x_Symbol] :> Int[((a + b*Sin[e + f*x]) m*x(d + c*Sin[e +
f*x])"n)/Sinle + f*x]°n, x] /; FreeQ[{a, b, c, d, e, £, m}, x] &% IntegerQ
[n]
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Rule 3056

Int[((a_.) + (b_.)*sinl(e_.) + (£_)*x(x_)1)"(m_)*((c_.) + (d_.)*sin[(e_.) +

(f_D)*x D)D) (@ )*((A_.) + (C_.)*sin[(e_.) + (f_.)*(x_)]1"2), x_Symbol] :>
-Simp [((A*b~2 + a~2xC)*Cos[e + f*x]*(a + b*Sin[e + f*x])~(m + 1)*(c + d*Sin
[e + £xx])"(n + 1))/(fx(m + 1)*(b*c - a*xd)*(a”2 - b~2)), x] + Dist[1/((m +
D) *(bxc - axd)*(a”™2 - b72)), Int[(a + b*Sin[e + f*x])"(m + 1)*(c + d*Sin[e
+ f*x]) "n*Simp[a*x(m + 1)*(bxc - a*xd)*(A + C) + d*(A*b"2 + a”2*C)*(m + n + 2
) — (c*x(A*b~2 + a”2*C) + bx(m + 1)*(b*c - a*d)*(A + C))*Sin[e + fxx] - d*(A
*b~2 + a"2*C)*(m + n + 3)*Sinfe + f*x]~2, x], x], x] /; FreeQ[{a, b, c, d,
e, £, A, C, n}, x] &% NeQ[b*c - a*d, 0] && NeQ[a"2 - b~2, 0] && NeQ[c™2 - 4
~2, 0] &% LtQ[m, -1] && ((EqQla, 0] && IntegerQ[m] && !'IntegerQ[nl) || !(
IntegerQ[2*n] && LtQ[n, -1] && ((IntegerQ[n] && !'IntegerQ[m]) || EqQ[a, O]
)))

Rule 3001

Int[((A_.) + (B_.)*sin[(e_.) + (f_.)*x(x_)])/(((a_.) + (b_.)*sin[(e_.) + (f_
Dx(x )]1)*((c_.) + (d_.)*sin[(e_.) + (f_.)*(x_)]1)), x_Symbol] :> Dist[(A*Db
- axB)/(bxc - axd), Int[1/(a + b*Sinl[e + f*x]), x], x] + Dist[(B*c - Axd)/(
bxc - axd), Int[1/(c + d*Sin[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f,
A, B}, x] && NeQ[b*c - a*d, 0] && NeQ[a"2 - b~2, 0] && NeQ[c™2 - 472, 0]

Rule 2659

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)1)~(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + b + (
a - b)*e™2%x~2), x], x, Tan[(c + d*x)/2]/el, x]1] /; FreeQ[{a, b, c, d}, x]

&& NeQ[a"2 - b~2, 0]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQl{a, b}, x] && NegQ[la/Db]

Rubi steps
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1 = cos?(e + fx) p
f (a+ bcos(e + fx))(c + dsec(e + fx))? *= (a+ bcos(e + fx))(d + ccos(e + fx))? *
f —acd—(bcd—a(cz—dz)) cos(e+£x) |

(a+b cos(e+fx))(d+c cos(e+fx))

d?sin(e + fx)

" (ac - bd) (2 - a2) f(d + ccos(e + fx)) (ac - bd) (c2 - d2)

) & sin(e + fx) . P [ e . (d (bee

- (ac — bd) (c2 - dz) f(d+ccos(e+ fx)) (ac - bd)?

_ d?sin(e + fx) .\ (2a2) Subst (f m da

- (ac — bd) (c2 - dz) f(d + ccos(e + fx)) (ac - bd)?

\/aT an H e+fx \/CT a1 3

242 tan™! [#] 2d (2a02 — bed - ad2) tanh™ [d—t\/(_:

B Va —bVa + b(ac - bd)> f B (c = d)¥2(c + d)¥2(ac — bd)* f

Mathematica [A] time = 0.783142, size = 205, normalized size = 1.1

(a=b) tan(%(ﬁ- fx))
Vp2—42

Nww B (c2—d2)3/2

(d—c)tan(%(e+fx

2a%(c cos(e+fx)+d) tanh_l[ V22

] 2d(a(d2-2c2)+bed) (c cos(e+ fx)+d) tanh ™!
sec?(e + fx)(ccos(e + fx) +d)| -

f(ac — bd)?(c + dsec(e + fx))?
Antiderivative was successfully verified.

[In] Integratel[1l/((a + b*Cos[e + f*xx])*(c + d*Secle + f*x])~2),x]

[Out] ((d + c*Cos[e + fxx])*Secl[e + f*xx] 2x((-2*xa"2xArcTanh[((a - b)*Tan[(e + fx*x
)/2]1)/Sqrt[-a”2 + b~2]1*(d + c*Cos[e + f*x]))/Sqrt[-a”2 + b~2] - (2*d*(b*c*

d + ax(-2*%c”2 + d72))*ArcTanh[((-c + d)*Tan[(e + f*x)/2])/Sqrt[c™2 - d~2]]*

(d + cxCosle + f*x]))/(c”2 - d72)7(3/2) + (d"2*(a*c - bxd)*Sin[e + f*x])/((

c - d)x(c + d))))/((axc - bxd) " 2xfx(c + d*Secl[e + f*x])~2)

Maple [B] time = 0.09, size = 418, normalized size = 2.2

d? tan (1/2 fx+ e/2) ac Pt
+2

)
f (ac - b (2 - ) ((tan (12 fx+e2))” e = (tan (172 fx + e/2)) d = c - d) f (ac - b (2 - ) ((tan (112
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+b*cos(f*x+e))/(c+d*sec(f*x+e))”2,x)

[Out] -2/f*d"2/(a*xc-b*d)"2/(c"2-d"2) *tan(1/2*xf*x+1/2*e)/(tan(1/2*xf*x+1/2*e) "2*c-t
an(1/2xf*x+1/2%e) "2*d-c-d) *a*xc+2/f*d~3/ (a*xc-b*d) "2/ (c"2-d"2) *tan(1/2xf*x+1/

2xe) / (tan (1/2*f*x+1/2xe) "2xc-tan(1/2xf*x+1/2%e) "2*d-c-d) *b-4/f*d/ (axc-b*d) "
2/(c+d) /(c-d) / ((c+d)*(c-d) )~ (1/2)*arctanh((c-d) *tan(1/2xf*x+1/2xe) / ((c+d) *(
c-d))~(1/2)) *a*xc™2+2/f*d"3/ (axc-b*d) "2/ (c+d) /(c-d) / ((c+d) *(c-d) ) ~(1/2) *arct
anh((c-d) *tan(1/2*xf*x+1/2*e)/((c+d) *(c-d)) ~(1/2) ) *a+2/f*d"2/ (a*c-b*d) "2/ (c+
d)/(c-d)/((c+d)*(c-d))~(1/2)*arctanh((c-d) *tan(1/2*xf*x+1/2%e) / ((c+d) *(c-d))
~(1/2) ) *bxc+2/f*xa”2/ (axc-bxd) ~2/ ((a+b) *(a-b)) ~(1/2) *arctan((a-b) *tan (1/2xf*
x+1/2%e) /((a+b) *(a-b))~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cos(f*x+e))/(c+d*sec(f*x+e))”~2,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cos(f*x+e))/(ctd*sec(f*x+e))”~2,x, algorithm="fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + bcos (e + fx)) (c +dsec (e + fx))2 o



85

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cos(f*x+e))/(ctd*sec(f*xx+e))**2,x)

[Out] Integral(l/((a + b*cos(e + f*x))*(c + dxsec(e + f*x))**2), x)

Giac [B] time = 1.2708, size = 462, normalized size = 2.47

1 1 1 1
fr+e le - utan(ifx+§ e)—btan(if,wie) ) -
, n{ 7t sgn(2a 2b)+arctan[ Npars a dztan(% fx+%e) (Zuc d
2-2_ 212\ 42 _1,2 2 2
(” =2 abed+b=d ) ac-b (ac3—b02d—acd2+bd3)(ctan(%fx+%e) —dtan(%fx+% e) —c—d)

f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*cos(f*x+e))/(c+td*sec(f*x+e))~2,x, algorithm="giac")

[Out] 2x((pi*floor(1/2*(f*x + e)/pi + 1/2)*sgn(2*a - 2*b) + arctan((a*xtan(1/2*xf*x
+ 1/2%e) - bxtan(l/2*f*x + 1/2%e))/sqrt(a™2 - b~2)))*a~2/((a"2*c™2 - 2xa*b

xcxd + b72xd"2)*sqrt(a”2 - b72)) - d"2*tan(1/2xf*x + 1/2xe)/((a*c”™3 - bxc™2

*d - axcxd”2 + bxd"3)*(cxtan(1l/2xf*xx + 1/2%e)”2 - dxtan(1/2xfxx + 1/2%e)”2

- ¢ - d)) - (2%axc”2*d - bxc*d"2 - axd”3)*(pi*floor(1/2*(f*x + e)/pi + 1/2)
xsgn(-2xc + 2xd) + arctan(-(c*tan(1/2*xfxx + 1/2%e) - d¥tan(1/2xf*x + 1/2xe)
)/sqrt(-c”2 + d72)))/((a"2*c™4 - 2*axb*xc”™3xd - a”2*%c"2*%d"2 + b72*c72xd"2 +
2*%axb*cxd”™3 - b~2xd"4)*sqrt(-c”2 + d72)))/f
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315 [ : dx

(a+Db cos(e+ fx))(c+d sec(e+fx))3

Optimal. Leaf size=458

1
2d (3u202 — 3abed + bzdz) tanh ™ [M] 228 tan~ (MJ

) Ve+d N Va+b s 3d*sin(e + fx)
c2fVc—dVc + d(ac — bd)3 fVa—-bVa+ b(ac - bd)3 2cf (Cz _ dz)z (ac — bd)(c cos(e -

[Out] (2*a~3*%ArcTan[(Sqrt[a - bl*Tan[(e + fx*x)/2])/Sqrtl[a + bl])/(Sqrtla - bl*Sqr
tla + blx(axc - b*xd)~3*%f) - (2%d~3x(3*a*c - 2*bxd)*ArcTanh[(Sqrt[c - d]*Tan

[(e + £xx)/2])/Sqrtlc + d]1)/(c™2x(c - d)~(3/2)*(c + d)~(3/2)*(a*c - bxd)~2

*f) - (d73*(c”2 + 2%d"2)*ArcTanh[(Sqrt[c - d]*Tan[(e + fx*x)/2])/Sqrtlc + d]
1)/(c™2x(c - d)7(5/2)*(c + d)7(5/2)*(a*c - bkd)*f) - (2xd*(3*a"2xc”2 - 3xa*

bxckd + b72xd"2)*ArcTanh[(Sqrt[c - d]*Tan[(e + f*x)/2])/Sqrtlc + d]])/(c™2%
Sqrt[c - dl*Sqrtlc + d]l*(a*xc - b*d)~3xf) - (d"3*Sinl[e + fxx])/(2*cx(a*c - b
*d)*(c”2 - d72)*f*(d + cxCos[e + f*xx])72) + (3*d"4*Sinl[e + f*x])/(2xcx(a*xc

- bxd)*(c”2 - d72)"2xfx(d + c*Cosl[e + fxx])) + (d72%(3*a*xc - 2%bxd)*Sin[e +
f*x])/(cx(a*xc - b*d)"2%(c™2 - d"2)*f*(d + c*Cos[e + f*xx]))

Rubi [A] time = 0.970845, antiderivative size = 458, normalized size of antiderivative
1., number of steps used = 16, number of rules used = 8, integrand size = 25, number of rules

0.32, Rules used = {2828, 2952, 2659, 205, 2664, 2754, 12, 208}

2d (3a202 — 3abcd + bzdz) tanh™ [M] 243 tan~1 (MJ

integrand size

Ve+d N Va+b s 3d*sin(e + fx)
c2fVc—dVc + d(ac — bd)3 fVa—-bVa+ b(ac - bd)3 2cf (Cz _ dz)z (ac — bd)(c cos(e -

Antiderivative was successfully verified.

[In] Int[1/((a + b*Cosl[e + f*xx])*(c + d*Sec[e + f*x])~3),x]

[Out] (2xa~3*ArcTan[(Sqrt[a - b]*Tan[(e + f*x)/2])/Sqrt[a + b]])/(Sqrt[a - bl*Sqr
tla + blx(axc - bxd)~3*%f) - (2%d"3*(3*a*xc - 2*b*d)*ArcTanh[(Sqrt[c - d]*Tan
[(e + £xx)/2])/Sqrtlc + d]]1)/(c™2x(c - d)~(3/2)*(c + d)~(3/2)*(a*c - bxd)~2
*f) - (d73*(c”2 + 2+d"2)*ArcTanh[(Sqrt[c - d]*Tan[(e + fxx)/2])/Sqrtlc + d]
DD/(c™2x(c - d)7(5/2)*(c + d)7(5/2)*(a*xc - b*xd)*f) - (2xd*(3*xa"2%c™2 - 3*ax*
bxcxd + b~2*d"2)*ArcTanh[(Sqrt[c - d]*Tan[(e + f*x)/2])/Sqrtlc + dl]1)/(c™2x%
Sqrtlc - dl*Sqrtlc + d]l*(a*c - b*d)~"3*f) - (d"3*Sinl[e + f*x])/(2xc*x(a*c - b
*d)*(c™2 - d72)*f*(d + cxCos[e + f*xx])72) + (3*d"4*Sinl[e + fx*xx])/(2xcx(a*xc
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- bxd)*(c”2 - d"2)"2%f*x(d + c*xCos[e + f*x])) + (d~2%(3*axc - 2*xbxd)*Sin[e +
fxx])/(cx(axc - b*xd)"2x(c”2 - d"2)*xfx(d + c*Cos[e + f*xx]))

Rule 2828

Int[(cscl(e_.) + (f_)*(x_)]*(@d_.) + (c_))"(n_.)*((a_) + (b_.)*sin[(e_.) +
(f_)*(x_)1)"(m_.), x_Symbol] :> Int[((a + b*Sin[e + f*x]) mx(d + c*Sin[e +
fxx])"n)/Sinle + f*x]"°n, x] /; FreeQ[{a, b, c, d, e, f, m}, x] &% IntegerQ
[n]

Rule 2952

Int[((g_.)*sin[(e_.) + (£_D)*x_)1)"(p_)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x
D)7 ) *((c ) + (d_)*sin[(e_.) + (f_.)*(x)]1)"(n_), x_Symbol] :> Int[Exp
andTrig[(gxsin[e + f*x]) px(a + b*sinl[e + f*x]) m*x(c + d*sin[e + f*x])"n, x
1, x]1 /; FreeQ[{a, b, c, d, e, f, g, n, p}, x] && NeQ[b*c - axd, 0] && (Int
egersQ[m, n] || IntegersQ[m, pl || IntegersQ[n, pl) && NeQlp, 2]

Rule 2659

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)1)~(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + b + (
a - b)*e”™2*xx"2), x], x, Tan[(c + d*x)/2]1/e]l, x]] /; FreeQ[{a, b, c, d}, x]

&& NeQ[a"2 - b~2, 0]

Rule 205

Int[((a ) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 2664

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> -Simp[(b*Cos[
c + dxx]*(a + b*Sin[c + d*x])"(n + 1))/(d*x(n + D*x(a"2 - b"2)), x] + Dist[1
/((n + D*(@"2 - b72)), Int[(a + b*Sin[c + d*x])~(n + 1)*Simp[a*x(n + 1) - b
*(n + 2)*Sin[c + d*x], x], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~
2, 0] && LtQ[n, -1] && IntegerQ[2+*n]

Rule 2754

Int[((a_) + (b_.)*sinl(e_.) + (f_.)*(x_)1)"(m_)*((c_.) + (d_.)*sin[(e_.) +
(f_)*(x_)]1), x_Symbol] :> -Simp[((bxc - axd)*Cos[e + f*x]*(a + b*Sin[e + f
*x])"(m + 1))/(f*x(m + 1)*(a”2 - b~2)), x] + Dist[1/((m + D*(a"2 - b72)), I
nt[(a + b*Sin[e + f*x])~(m + 1)*Simp[(a*c - bxd)*(m + 1) - (b*c - axd)*(m +
2)*Sinl[e + f*x], x], x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - a
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xd, 0] && NeQ[a"2 - b~2, 0] && LtQ[m, -1] && IntegerQ[2+m]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distl[a,

Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 208

Int[u, x], x] /; FreeQ[a, x] && !'Match

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQl[{a,

Rubi steps

1
(a + beos(e + fx))(c + dsec(e + fx))3 ax =

b}, x] && NegQ[a/b]

cos(e + fx)
(a+ bcos(e + fx))(d + ccos(e + fx))3

a’ a3
f((ac —bd)3(a + beos(e + fx)) ~ 2(ac - bd)(d + c cos(e + fx))3 " 2(

3 1 2 _ 1 3 1
_ a f a+b cos(e+fx) dx (d (3ﬂC Zbd)) f (d+c cos(e+fx))? dx _ d f (d+c cos(

(ac — bd)3 c2(ac - bd)? c2(ac -

d3 sin(e + fx) d?(3ac — 2bd) sin(

 2c(ac — bd) (c2 = 2) f(d + ccos(e + fx))2 * c(ac - bd)? (c2 - d2) f(d +

243 tan™" WJ 2d (3a2c2 — 3abed + bzdz) tanh ™! Yot
Va—bVa+ blac - bdPf e —dve + d(ac - bd)*f
243 tan™! w 2d (3a2c2 — 3abed + bzdz) tanh ™ Yot
Va—bVa+ bac—bdPf 2\ —dve + d(ac - bd)* f
2a% tan” [M 2d3(3ac - 2bd) tanh ™ (MJ

Va+b Ve+d
Va—bVa+bac—bdPf  Xc—dyPP(c+d)(ac - bd)*f
2a% tan~ [M] 2d3(3ac — 2bd) tanh™ (M)
Va+b Ve+d

Va—bVa+blac—bdPf e —dpPR(c+d)(ac - bd)*f
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Mathematica [A] time = 2.25341, size = 319, normalized size = 0.7

(@0 tan(%(ﬁ fx))
2d(a2(—562d2+6c4+2d4)—6abc3d+b2d2 (2c2+d2))(c cos(e+fx)+d)? tanh~ — = 4a3(c cos(e+fx)
c4—d

sec3(e + fx)(ccos(e + fx) +d) ( )5/2 _
242

2f(ac — bd)3(c + dsec(e + f

Antiderivative was successfully verified.

[In] Integrate[1l/((a + b*Cos[e + f*xx])*(c + d*Secle + f*x])~3),x]

[Out] ((d + c*Cos[e + f*xx])*Secl[e + fxx] 3x((-4*a~3xArcTanh[((a - b)*xTan[(e + f*x
)/2]1)/Sqrt[-a”2 + b~2]]*(d + c*Cosl[e + f*x])~2)/Sqrt[-a~2 + b~2] + (2*d*(-6
*axb*c”3*%d + bT2xd"2x(2*xc”2 + d72) + a"2*%(6*%c”4 - 5xcT2xd"2 + 2%d74))*ArcTa
nh[((-c + d)*Tan[(e + f*x)/2])/Sqrtlc”2 - d"2]]*(d + cxCosl[e + fxx])~2)/(c”
2 - d72)7(5/2) - (d73*(axc - bxd) "2*Sin[e + f*x])/(cx(c - d)*(c + 4)) + (4~
2% (a*xc - b*xd)*(6xaxc™3 — 4xbxc”2%d - 3*a*ckd™2 + b*d"3)*(d + c*Cos[e + f*x]
)xSin[e + f£*x])/(cx(c - d)"2x(c + d)~2)))/(2%(a*c - b*d) “3*xf*x(c + d*Sec[e +
fxx])73)

Maple [B] time = 0.092, size = 1869, normalized size = 4.1

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(atb*cos(f*x+e))/(c+d*sec(f*x+e))”3,x)

[Out] -6/f*xd"2/(a*xc-b*d) "3/ (tan(1/2*f*x+1/2*%e) "2xc-tan(1/2xf*x+1/2%e) "2*d-c-d) "2/
(c=d) / (c™2+2*c*d+d"2) *tan (1/2xfxx+1/2%e) "3*a~2*c~3-1/f*d~3/ (axc-b*d) ~3/(tan
(1/2xfxx+1/2%e) "2xc—tan(1/2*xf*x+1/2%e) "2*%d-c-d) "2/ (c-d) / (c"2+2*c*xd+d"2) *tan
(1/2%f*x+1/2%e) "3*a~2xc"2+2/f*d~4/ (a*xc-b*d) "3/ (tan(1/2*xf*x+1/2xe) "2*c-tan (1
/2%f*xx+1/2%e) "2xd-c-d) "2/ (c-d) / (c"2+2*c*d+d"2) *tan (1/2*xf*x+1/2*e) "3*a~2*c+1
0/f*d~3/ (axc-b*d) ~3/(tan(1/2*xf*x+1/2*e) " 2*xc—tan(1/2*xf*x+1/2%e) “2*%d-c-d) ~2/(
c—d) / (c™2+2xcxd+d"2) ¥tan (1/2*xf*x+1/2*xe) “3*axb*c~2+2/f*d"4/ (axc-b*d) ~3/ (tan(
1/2xf*xx+1/2%e) "2xc-tan(1/2xf*xx+1/2*xe) "2xd-c-d) "2/ (c-d) / (c"2+2xc*d+d~2) *tan (
1/2xfxx+1/2%e) "3*a*xb*c-2/f*d"5/ (axc-b*d) ~3/ (tan(1/2*f*x+1/2*e) "2xc—tan(1/2*
fxx+1/2*%e) "2xd-c-d) "2/ (c-d) / (c"2+2*cxd+d"2) *tan (1/2*xf*x+1/2%e) "3*axb-4/f*d"
4/ (a*xc-bxd) "3/ (tan(1/2xf*x+1/2%e) “2xc-tan(1/2*xf*x+1/2*e) ~2*d-c-d) "2/ (c-d) / (
cT2+2%c*d+d"2) *tan (1/2*xf*xx+1/2*%e) “3%b~2%c-1/f*d"5/ (a*xc-b*xd) ~3/ (tan (1/2*f*x+
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1/2*xe) "2xc-tan (1/2*f*x+1/2*e) "2*xd-c-d) "2/ (c-d) / (c"2+2*c*d+d"2) *tan (1/2*f*xx+
1/2*xe) "3xb~2+6/f+*d"2/ (a*c-b*d) "3/ (tan(1/2xfxx+1/2%e) "2*xc-tan(1/2*xf*x+1/2*e)
~2xd-c-d) "2/ (c+d) /(c-d) "2xtan(1/2*f*x+1/2%e) *a"2*c~3-1/f*d~3/ (a*xc-b*d) ~3/(t
an(1/2xf*xx+1/2%e) "2*xc-tan(1/2*xfxx+1/2*xe) "2xd-c—-d) "2/ (c+d) / (c-d) "2*tan(1/2x*f
*x+1/2%e) *a”~2xc"2-2/f*d"4/ (axc-b*d) "3/ (tan(1/2*xf*x+1/2*e) "2xc—tan (1/2*f*x+1
/2%e) "2*%d-c-d) "2/ (c+d) / (c-d) "2*xtan (1/2xf*x+1/2%e) *a~2%c-10/f*d"3/ (a*c-b*xd)~
3/ (tan(1/2*xf*x+1/2xe) "2*c-tan(1/2*%f*x+1/2%e) "2xd-c-d) "2/ (c+d) / (c-d) "2*tan(1
/2%f*xx+1/2%e) *axbxc~2+2/f*d~4/ (a*c-b*d) "3/ (tan(1/2*xf*x+1/2*e) “2xc-tan (1/2*f
*x+1/2%e) "2*xd-c-d) "2/ (c+d) / (c—d) "2*tan (1/2*xf*x+1/2*e) *axbxc+2/f*d~5/ (a*c-b*
d) "3/ (tan(1/2%f*xx+1/2%e) “2*xc-tan(1/2xf*x+1/2%e) "2xd-c-d) "2/ (c+d) / (c-d) "2x*ta
n(1/2*xf*xx+1/2*e)*a*xb+4/f*d~4/ (a*c-b*d) "3/ (tan(1/2*f*x+1/2%e) “2*%c—tan(1/2*xf*
x+1/2*%e) "2xd-c-d) "2/ (c+d) / (c-d) "2*xtan(1/2xf*x+1/2%e) *b"2*c-1/£*d"5/ (a*xc-b*d
)73/ (tan(1/2xf*x+1/2%e) "2xc-tan(1/2*f*x+1/2*e) "2*d-c-d) "2/ (c+d) / (c-d) "2*tan
(1/2%f*x+1/2%e) *b"2-6/f*d/ (a*xc-b*d) ~3/(c"4-2%c~2*d"2+d"4) / ((c+d) *(c-d) )~ (1/
2)*arctanh((c-d) xtan(1/2xf*x+1/2xe)/((c+d) *(c-d)) " (1/2))*a~2*xc"4+5/f*d"3/(a
xc-bxd) "3/ (c"4-2xc"2%d"2+d"4) / ((c+d) *(c-d) )~ (1/2) *arctanh((c-d) *tan(1/2*f*x
+1/2%e)/ ((c+d) *(c-d)) "~ (1/2))*a~2xc"2-2/f*d"5/ (a*xc-b*d) "3/ (c"4-2*xc~2*%d~2+d "4
)/ ((c+d)*(c-d))~(1/2)*arctanh((c-d) *tan(1/2*xf*x+1/2*xe)/((c+d)*(c-d))~(1/2))
*a"2+6/f*d"2/ (axc-b*d) "3/ (c"4-2xc"2xd"2+d"4) / ((c+d) *(c-d) ) ~(1/2)*arctanh((c
-d) *tan(1/2*xf*xx+1/2*e) / ((c+d)*(c-d)) ~(1/2)) *a*b*xc~3-2/f*d~3/ (a*c-b*d) "3/ (c”
4-2%c”2xd~2+d"4)/((c+d)*(c-d) )~ (1/2)*arctanh((c-d) *tan(1/2xf*x+1/2*%e)/((c+d
)*(c-d)) " (1/2))*b"2xc~2-1/£*d"5/ (a*c-b*d) "3/ (c"4-2*xc~2%d"2+d~4) / ((c+d) *(c-d
)~ (1/2)*arctanh((c-d)*tan(1/2xfxx+1/2%e) /((c+d) *(c-d) )~ (1/2) ) *b"2+2/f*a~3/
(a*xc-bxd) "3/ ((a+b)*(a-b)) "~ (1/2)*arctan((a-b) *tan(1/2xf*x+1/2xe) /((a+b) *(a-b
))~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cos(f*x+e))/(c+d*sec(f*x+e))”3,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(atb*cos(f*x+e))/(ctd*sec(f*x+e))”~3,x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cos(f*x+e))/(c+d*sec(f*x+e))**3,x)

[Out] Timed out

Giac [A] time = 1.72103, size = 1040, normalized size = 2.27

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cos(f*x+e))/(c+td*sec(f*x+e))”~3,x, algorithm="giac")

[Out] (2x(pi*floor(1/2*(f*x + e)/pi + 1/2)*sgn(2*a - 2%b) + arctan((axtan(1/2*xf*x
+ 1/2%e) - bxtan(l/2*f*x + 1/2%e))/sqrt(a”2 - b~2)))*a~3/((a"3*c”3 - 3*a~2
xb*c™2xd + 3*axb~2*cxd"2 - b~3*d"3)*sqrt(a”2 - b72)) + (6*%a"2*c"4xd - 6*axb
*C73%d"2 - 5xa”2*c”"2xd"3 + 2*b"2xc”2%d”3 + 2xa”2*d”5 + b~2*d”5)*(pi*floor (1
/2% (f*xx + e)/pi + 1/2)*sgn(2*c - 2*xd) + arctan((cxtan(1/2xf*x + 1/2%e) - dx
tan(1/2xf*xx + 1/2%e))/sqrt(-c™2 + d72)))/((a™3*c™7 - 3*a"2xbxc™6*d - 2%a 3%
c™5*%d"2 + 3*xaxb”2xc”bxd"2 + 6%a”2*b*c”4*d"3 - b"3%c"4*xd"3 + a"3%c"3*d"4 - 6
*axb~2%c”3%xd~4 - 3xa”2xbxc”2xd"5 + 2%b~3*%c"2*%d"5 + 3*axb"2*c*d"6 - b~3%d”7)
*sqrt(-c”2 + d72)) - (6*axc”3xd"2*tan(1/2*f*x + 1/2%e)”3 - bkakxc™2xd 3*tan(
1/2xfxx + 1/2%e)”3 - 4xb*c™2*xd"3*xtan(1/2xf*x + 1/2%e)”3 - 3*axckd 4*tan(1/2
*f*xx + 1/2%e) 3 + 3xbxcxd 4xtan(1/2+f*x + 1/2*%e)”3 + 2xaxd 5xtan(1/2*f*x +
1/2%e)~3 + b*d"bxtan(1/2*f*x + 1/2%e)”3 - 6xaxc”~3*d " 2xtan(1/2*xf*x + 1/2%e)
- Bxaxc”2*xd"3*xtan(1/2xf*xx + 1/2%e) + 4xb*xc”2*d"3*tan(1/2xf*x + 1/2%e) + 3*a
*cxd"4*tan(1/2*xf*x + 1/2*%e) + 3*b*xc*d " 4*tan(1/2*xf*x + 1/2*%e) + 2*a*d~5*tan(
1/2xfxx + 1/2%e) - b*d"5*xtan(1/2*xf*x + 1/2%e))/((a"2%c™6 - 2*axbxc~bxd - 2%
a"2%CcT4*%d"2 + b7T2%xcT4*xd"2 + 4*axb*c”3*d"3 + a"2%xc”2xd"4 - 2*b"2%xc”2xd"4 - 2
*axb*c*d”5 + b72xd"6)*(cxtan(1/2*%f*x + 1/2%e)”2 - dxtan(1/2xfxx + 1/2%e) "2
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316 f \/c+d sec(e+fx) dy

a+b cos(e+fx)

Optimal. Leaf size=213

2(ac - bd) tan(e + fx)/ crdsece+f) becilﬁfx)l—l( 20 . sin”! (—1_Sec(e+fx)) |2—d) 2vc + d cot(e + f x)\/ - bec(e+fx))\/ d(sec(ﬁf)

+b’ V2 c+d
af(a+ b),[—tan’(e + fx)\Jc + dsec(e + fx) af

[Out] (2*xSqrtlc + d]*Cotl[e + fxx]*EllipticF[ArcSin[Sqrt[c + d*Secl[e + f*x]]/Sqrtl[
c +dl]l, (c + d/(c - d)I*Sqrt[(d*x(1 - Sec[e + fxx]))/(c + d)]*Sqrt[-((d*(1

+ Secle + £xx]))/(c - d))])/(axf) + (2x(a*c - bxd)*EllipticPi[(2%a)/(a + b

), ArcSin[Sqrt[1 - Secl[e + f*x]]1/Sqrt[2]], (2*d)/(c + d)]1*Sqrt[(c + d*Sec[e

+ fxx])/(c + d)]*Tan[e + fx*x])/(ax(a + b)*fxSqrtc + d*Sec[e + f*xx]]*Sqrtl[
-Tan[e + f*xx]~2])

Rubi [A] time = 0.384645, antiderivative size = 213, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 27, e e .

0.148, Rules used = {2829, 3969, 3832, 3973}
2(ac — bd) tan(e + fx) /WH( 2a sin~? (—Vl—sec(e4—fx) |£) e+ d cot(e +fx)\/d(l sec(e+fx))\/ d(sec(e+fa

+b’ V2 c+d
af(a+ b)\/m\/c +dsec(e + fx) af

Antiderivative was successfully verified.

integrand size

[In] Int[Sqrtlc + d*Secle + f*x]]/(a + b*Cos[e + f*x]),x]

[Out] (2xSqrtl[c + d]*Cot[e + f*x]*EllipticF[ArcSin[Sqrt[c + d*Sec[e + fxx]]/Sqrtl
c +d]]l, (c + d)/(c - d)I*Sqrt[(d*(1 - Sec[e + f*x]))/(c + d)]*Sqrt[-((d*(1

+ Secle + f*x]))/(c - d))]1)/(axf) + (2x(a*xc - b*d)*EllipticPi[(2*a)/(a + b

), ArcSin[Sqrt[1 - Secle + fx*x]]/Sqrt[2]], (2xd)/(c + d)]*Sqrt[(c + d*Secle

+ f*x])/(c + d)]*Tanle + f*x])/(ax(a + b)*fxSqrtc + d*Sec[e + f*x]]*Sqrt[
-Tan[e + f*x]72])

Rule 2829

Int[(cscl(e_.) + (£_.)*(x_)]1*(@d_.) + (c_)) " (m_)*((a_) + (b_.)*sin[(e_.) + (
f_Ix(x_)])"(m_.), x_Symbol] :> Int[((b + axCsc[e + fxx]) m*x(c + dxCscle +
f*x])"n)/Cscle + f*x]7m, x] /; FreeQ[{a, b, c, d, e, £, n}, x] & !'Integer
Q[n] && IntegerQ[m]
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Rule 3969

Int[(cscl(e_.) + (f_.)*(x_)]*Sqrtlcscl(e_.) + (£_.)*x(x_)]1*(b_.) + (a_)])/(c
scl(e_.) + (f_)*(x_)]*(d_.) + (c_)), x_Symbol] :> Dist[b/d, Int[Cscl[e + fx
x]/Sqrtla + b*Cscle + f*x]], x], x] - Dist[(b*c - axd)/d, Int[Cscle + fxx]/
(Sqgrt[a + bxCscle + f*x]]*(c + d*Cscle + f*x])), x], x] /; FreeQ[{a, b, c,

d, e, f}, x] && NeQ[b*c - axd, 0] && NeQ[a"2 - b~2, 0] && NeQ[c™2 - 472, 0]

Rule 3832

Int[cscl(e_.) + (f_.)*x(x_)1/Sqrtlcscl(e_.) + (£_.)*(x)1*(_.) + (a)], x_S
ymbol] :> Simp[(-2#Rt[a + b, 2]*Sqrt[(b*(1 - Cscle + f*x]))/(a + b)I*Sqrt[-
((bx(1 + Cscle + f*x]))/(a - b))]*EllipticF[ArcSin[Sqrt[a + bxCscle + f*x]]
/Rtla + b, 2]]1, (a + b)/(a - b)])/(bxf*Cot[e + f*xx]), x] /; FreeQ[{a, b, e,
£}, x] && NeQ[a"2 - b~2, 0]

Rule 3973

Int[csc[(e_.) + (f_.)*(x_)]1/(Sqrtlcscl(e_.) + (f£_.)*(x_)]*(b_.) + (a_)]*(cs
cl(e_.) + (£_)*(x_)]*(d_.) + (c_))), x_Symbol] :> Simp[(-2xCot[e + f*x]*Sq
rt[(a + b*Cscle + f*x])/(a + b)]*EllipticPi[(2*d)/(c + d), ArcSin[Sqrt[1l -
Cscle + f*x]]/Sqrt[2]], (2%b)/(a + b)])/(f*(c + d)*Sqrt[a + b*Cscle + f*x]]
xSqrt[-Cot[e + f*x]72]), x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*c - ax*
d, 0] && NeQ[a"2 - b~2, 0] &% NeQ[c~2 - 472, 0]

Rubi steps

ye+dsecle+ fx)  sec(e+ fx)y/c +dsec(e + fx)
f a+bcos(e+ fx) dx—f b+ asec(e + fx) ax

bec(e+fx) sec(e+fx)
d f \Jc+d sec(e+fx) dx ( ac+ bd) f (b+asec(e+fx))\/c+d sec(e+fx

a a

et d dcot(e + fx)F (Sin_l (—\/chdsec(eer)chrd) \/d(l sec(e+fx)) \/ d(1+sec(e+fx)) 2ac — b
_ Ve+d c—d +

af

Mathematica [A] time = 3.83941, size = 186, normalized size = 0.87

2 (1 cos(e+fx) ccos(e+fx)+d 1 c—d\
4 cos (E(e + fx)) \/COS(e+fx)+1 \/(C+d)(cos(e+fx)+1) Ve + dsec(e + fx) (Z(bd ac)I1 ( — ~sin” (tan (Z(e + fx))) |C+d)

f(a—Db)(a+Db)(ccos(e+ fx) +d)
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Antiderivative was successfully verified.

[In] Integrate[Sqrtlc + dxSecl[e + fxx]]/(a + b*Cos[e + f*x]),x]

[Out] (4xCos[(e + fx*x)/2]72xSqrt[Cos[e + fxx]/(1 + Cos[e + f*xx])]*Sqrt[(d + c*Cos
[e + £*x])/((c + d)*(1 + Cos[e + f*x]))]*x(-((a + b)*(c - d)*EllipticF[ArcSi
n[Tan[(e + f*x)/2]], (c - d)/(c + d)]) + 2x(-(a*xc) + bxd)*EllipticPil[(-a +

b)/(a + b), -ArcSin[Tan[(e + f*x)/2]], (c - d)/(c + d)])*Sqrtlc + d*Sec[e +
fxx]])/((a - b)*x(a + b)*fx(d + c*Cosle + f*x]))

Maple [A] time = 0.33, size = 357, normalized size = 1.7

S (cos (Fx +e) +1)" (cos (Fx +¢) -1) Jd+ccos(fx+e)J cos (fx +e) J d+ccos (fx +e)

f(a+b)(a—b)(d+ccos(fx+e))(sin(fx+e))2 cos(fx+e) N cos(fx+e)+1y (c+d)(cos(fx+e)-

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c+d*sec(f*x+e))~(1/2)/(a+tb*cos(f*x+e)),x)

[Out] -2/f/(a+b)/(a-b)*((d+c*kcos(f*xx+e))/cos(f*x+e)) ~(1/2)*(cos(f*x+e)/(cos(f*xx+e
)+1))7(1/2) % (1/ (c+d) * (d+cxcos (fxx+e) )/ (cos(fxx+e)+1)) ~(1/2) *(cos (f*x+e)+1)~

2% (EllipticF((cos(f*x+e)-1)/sin(f*x+e), ((c-d)/(c+d))~(1/2))*a*c-EllipticF ((
cos(f*x+e)-1)/sin(f*x+e), ((c-d)/(c+d))~(1/2))*a*d+EllipticF((cos(f*x+e)-1)/
sin(f*x+e), ((c-d)/(c+d))~(1/2))*bxc-EllipticF((cos(f*x+e)-1)/sin(f*x+e), ((c
-d)/(c+d))~(1/2))*b*d-2*E1lipticPi((cos(f*x+e)-1)/sin(f*x+e),-(a-b)/(a+tb),(
(c-d)/(c+d))~(1/2)) *a*xc+2*E1lipticPi ((cos (f*x+e)-1) /sin(f*x+e) ,-(a-b)/(a+b)

, ((c=d)/(c+d) )~ (1/2) ) *b*d) *(cos (f*x+e)-1)/(d+c*xcos (f*xx+e)) /sin(f*x+e) "2

Maxima [F] time = 0., size = 0, normalized size = 0.

\/dsec fx+e +c
f bcos fx+e +a

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c+d*sec(f*x+e)) (1/2)/(a+bxcos(f*x+e)),x, algorithm="maxima")



[Out] integrate(sqrt(dxsec(fxx + e) + c)/(b*xcos(f*x + e) + a),
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x)

Fricas [F] time = 0., size = 0, normalized size = 0.

\/dsec(fx+e) +c

bcos(fx+e)+a .

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c+d*sec(fxx+e))”(1/2)/(at+b*cos(f*x+e)),x, algorithm="fricas")

[Out] integral(sqrt(d*sec(f*x + e) + c)/(bxcos(f*x + e) + a),

x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/c+dsec e+fx) N

a+bcos e+fx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c+d*sec(f*x+e))**x(1/2)/(a+b*cos(f*x+e)),x)

[Out] Integral(sqrt(c + dxsec(e + f*xx))/(a + bxcos(e + f*x)),

X)

Giac [F] time = 0., size = 0, normalized size = 0.

\/dsec fx+e +c
f dx

bcos fx+e +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c+d*sec(fxx+e))”(1/2)/(at+bxcos(f*x+e)),x, algorithm="giac")

[Out] integrate(sqrt(d*sec(f*x + e) + c)/(b*cos(f*x + e) + a),

x)
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1
3.17 f (EH'b COS(e+fx))\/C+d SGC(e'l'fx)

Optimal. Leaf size=102

2 tan(e + fx) /c+dse:§+fx)n( sz,‘SIIl_l (y/l—seji(ﬁfx)) I%)

f(a +b){J—tan(e + fx)yJc + dsec(e + fx)

[Out] (2*EllipticPi[(2*a)/(a + b), ArcSin[Sqrt[1 - Secl[e + f*x]]/Sqrt([2]], (2*xd)/
(c + d)1*Sqrt[(c + d*xSecle + f*xx])/(c + d)]*Tanl[e + f*x])/((a + b)*xfxSqrt(c
+ dxSecle + fxx]]*Sqrt[-Tan[e + f*x]~2])

Rubi [A] time = 0.20217, antiderivative size = 102, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 27, fomer o e

0.074, Rules used = {2829, 3973}

fla+ b),/— tan?(e + fx)\/c +dsec(e + fx)

Antiderivative was successfully verified.

integrand size

[In] Int[1/((a + b*Cos[e + f*x])*Sqrtlc + d*Secle + f*x]]),x]

[Out] (2xEllipticPi[(2%a)/(a + b), ArcSin[Sqrt[l - Secle + f*xx]]/Sqrt([2]], (2xd)/
(c + A)1*Sqrt[(c + d*Secle + f*x])/(c + d)]x*Tan[e + fxx])/((a + b)*f*Sqrt[c
+ dxSec[e + fx*x]]*Sqrt[-Tanl[e + fxx]~2])

Rule 2829

Int[(cscl(e_.) + (f_)*(x_)]*x(@d_.) + (c_)) " (m_)*((a_) + (b_.)*sin[(e_.) + (
f_)x(x_)])"(m_.), x_Symbol] :> Int[((b + a*Csc[e + fx*x]) m*(c + dxCscle +
f*xx])"n)/Cscle + f*x]"m, x] /; FreeQ[{a, b, ¢, d, e, f, n}, x] & !'Integer
Q[n] && IntegerQ[m]

Rule 3973

Int[csc[(e_.) + (f_.)*(x_)]1/(Sqrtlcscl(e_.) + (£_.)*(x_)]*(b_.) + (a_)]*(cs
cle_.) + (£_)*(x_)I*(d_.) + (c_))), x_Symbol] :> Simp[(-2*Cot[e + f*x]*Sq
rt[(a + b*Cscle + f*x])/(a + b)]*EllipticPi[(2*d)/(c + d), ArcSin[Sqrt[1l -
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Cscle + f*x]]/Sqrt[2]], (2xb)/(a + b)])/(f*x(c + d)*Sqrtla + b*Cscle + fxx]]
xSqrt[-Cot[e + fxx]~2]), x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*c - ax
d, 0] && NeQ[a"2 - b2, 0] && NeQ[c™2 - 4”2, 0]

Rubi steps

_ sec(e + fx)

1
dx f dx
f (a + beos(e + fx))yJc + dsec(e + fx) (b + asec(e + fx))4/c + dsec(e + fx)
20 . -1 [+y1-secle+fx)\, 2d [c+d sec(e+fx)
_ 2I1 (m,Sln (T)lm) Ttan(e+fx)

) (@ +b)f+Jc + dsec(e + fx)y/-tan?(e + fx)

Mathematica [A] time = 4.40852, size = 189, normalized size = 1.85

2\/sec(e + fx)\/sec(e + fx) + 1\/cos(e + fx)sec? (%(e + fx))\/% ((a + b)F (sin_1 (tan (%(e + fx))) IE

Fla-b)a+ b)\/se(32 (%(e ; fx))\/c T dsece + )

Antiderivative was successfully verified.

[In] Integrate[1l/((a + b*Cos[e + f*x])*Sqrt[c + d*Secle + fx*x]]),x]

[Out] (-2*Sqrt[(d + c*Cos[e + f*x])/((c + d)*(1 + Cos[e + f*x]))]*((a + b)*Ellipt
icF[ArcSin[Tan[(e + f*x)/2]], (c - d)/(c + d)] + 2*a*EllipticPil[(-a + b)/(a

+ b), -ArcSin[Tan[(e + f*x)/2]], (c - d)/(c + d)])*Sqrt[Cos[e + f*x]*Sec[(

e + f*x)/2]72]*Sqrt[Secle + f*x]]*Sqrt[1 + Secle + f*x]])/((a - b)*x(a + b)*
fxSqrt[Sec[(e + fxx)/2]72]*Sqrt[c + dxSecle + fxx]])

Maple [B] time = 0.214, size = 237, normalized size = 2.3

(cos (Fx +e) +1)" (cos (fx +¢) -1) Jd+ccos(fx+e)J cos(fm)J d +ccos (fx+o)

f(a—b)(a+b)(d+ccos(fx+e))(sin(fx+e))2 cos(fx+e) N\ cos(fx+e)+1 (c+d)(cos(fx+e)+

-2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(at+b*cos(f*x+e))/(c+d*sec(f*x+e)) " (1/2),x)
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[Out] -2/f/(a-b)/(a+b)*((d+c*kcos(f*x+e))/cos(f*x+e))~(1/2)*(cos(f*x+e)/(cos(f*x+e
)+1))7(1/2) % (1/ (c+d) *(d+cxcos (fxx+e) )/ (cos(fxx+e)+1)) ~(1/2) *(cos (f*x+e)+1)~

2% (axEllipticF((cos(f*x+e)-1)/sin(f*x+e), ((c-d)/(c+d))~(1/2))+b*EllipticF ((
cos(f*x+e)-1)/sin(fxx+e), ((c-d)/(c+d))~(1/2))-2*axEllipticPi((cos(f*x+e)-1)
/sin(f*x+e),-(a-b)/(a+b), ((c-d)/(c+d)) " (1/2)))*(cos(f*x+e)-1)/(d+c*cos (f*x+
e))/sin(f*x+e) "2

Maxima [F] time = 0., size = 0, normalized size = 0.
1
(bcos (fx + e) + a)\/dsec (fx + e) +c

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cos(fxx+e))/(c+d*sec(f*x+e))~(1/2),x, algorithm="maxima"

[Out] integrate(1/((b*cos(f*x + e) + a)*sqrt(d*sec(f*x + e) + c)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

\/dsec(fx+e) +c
bccos(fx+e) +ac + (bdcos(fx+e) +ad)sec(fx+e)

integral X

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(at+b*cos(fxx+e))/(c+d*sec(f*x+e))~(1/2),x, algorithm="fricas")

[Out] integral(sqrt(d*sec(f*xx + e) + c)/(b*cxcos(f*x + e) + a*xc + (b*dxcos(fx*x +
e) + axd)*sec(f*x + e)), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

1
(a + bcos (e+fx)) \/c+dsec (e+fx)

dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(atbkcos(f*xx+e))/(ctd*sec(f*x+e))*x(1/2),x)

[Out] Integral(1/((a + b*cos(e + f*x))*sqrt(c + d*xsec(e + f*x))), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f(bcos(fx+e) +a)\/dsec(fx+e) +cdx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(a+b*cos(f*x+e))/(c+d*sec(f*x+e))”(1/2),x, algorithm="giac")

[Out] integrate(1/((b*cos(f*x + e) + a)*sqrt(d*sec(f*x + e) + ¢c)), x)
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318 f A+B cos(d+ex)+C sin(d+ex) dx

a+b cos(d+ex)

Optimal. Leaf size=87

\/ﬁtan(%(dﬂx))

2(Ab-aB)tan™ | ——
Va+b ~ Clog(a + bcos(d + ex)) N &
beNVa—-bVa+b be b

[Out] (B*x)/b + (2x(Axb - axB)*ArcTan[(Sqrt[a - b]*Tan[(d + e*x)/2])/Sqrtla + b]l]
)/ (Sqrt[a - bl*b*Sqrt[a + b]l*e) - (CxLogla + b*Cos[d + exx]])/(bxe)

Rubi [A] time = 0.143702, antiderivative size = 87, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 31, e -

integrand size
0.194, Rules used = {4377, 2735, 2659, 205, 2668, 31}

\/ﬁtan(%(dﬂx))

2(Ab-aB)tan™ | ———
Vatb _ Clog(a+bcos(d +ex)) Bx
beVa—-bVa+b be b

Antiderivative was successfully verified.

[In] Int[(A + B*Cos[d + e*x] + CxSin[d + exx])/(a + b*Cos[d + exx]),x]

[Out] (B*x)/b + (2x(Axb - axB)*ArcTan[(Sqrt[a - b]*Tan[(d + e*x)/2])/Sqrtla + b]l]
)/ (Sqrt[a - bl*b*Sqrt[a + b]l*e) - (CxLogla + b*Cos[d + exx]])/(bxe)

Rule 4377

Int[(u_)*((v_) + (d_.)*x(F_)[(c_)*x((a_.) + (b_.)*(x_))]"(n_.)), x_Symbol]

> With[{e = FreeFactors[Cos[c*(a + b*x)], x]}, Int[ActivateTrigl[ux*v], x] +
Dist[d, Int[ActivateTriglu]*Sin[c*(a + b*x)]°n, x], x] /; Function0fQ[Cos[c
x(a + bxx)]/e, u, x]1] /; FreeQ[{a, b, c, d}, x] && !'FreeQ[v, x] && Integer
Ql(n - 1)/2] && NonsumQ[u] && (EqQ[F, Sin] || EqQ[F, sin])

Rule 2735

Int[((a_.) + (b_.)*sinl[(e_.) + (£_)*(x_)1)/((c_.) + (d_.)*sin[(e_.) + (f_.
)*(x )]1), x_Symbol] :> Simp[(b*x)/d, x] - Dist[(b*c - axd)/d, Int[1/(c + d*
Sin[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - axd, 0]
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Rule 2659

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + b + (
a - b)xe™2xx~2), x], x, Tan[(c + dx*x)/2]1/el, x1] /; FreeQ[{a, b, c, d}, x]

&& NeQ[a~2 - b~2, 0]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 2668

Int[cos[(e_.) + (f_)*(x )] (p_.)*x((a_) + (b_.)*sinl(e_.) + (f_D)*x(x_)])"(m
_.), x_Symbol] :> Dist[1/(b"pxf), Subst[Int[(a + x)"m*x(b"2 - x72)"((p - 1)/
2), x], x, bxSin[e + fxx]], x] /; FreeQ[{a, b, e, £, m}, x] && IntegerQ[(p
- 1)/2] && NeQ[a"2 - b™2, 0]

Rule 31
Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,

x]1/b, x]1 /; FreeQ[{a, b}, x]

Rubi steps

A + Bcos(d + ex) + Csin(d + ex) sin(d + ex) A+ Bcos(d + ex)
f dx=C f dx + f dx
a+ bcos(d + ex) a+ bcos(d + ex) a+ bcos(d + ex)

1 1
B & ~ (—Ab + ﬂB)fmdx _ C Subst (fadx,x,bcos(d+ex))

b b be

1
_Bx C log(a + b cos(d + ex)) N (2(Ab — aB)) Subst (f a+b+(a—b)x2 dx, x, tan
b be be
\/Etan(%(d+ex))

Bx Va+b ] _ Clog(a + bcos(d + ex))

+
b Va —bbVa + be be

2(Ab — aB) tan™! [
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Mathematica [A] time = 0.224411, size = 82, normalized size = 0.94

(a=b) tan(%(d+ex)) ]

2(aB-Ab) tanh ™t
(a ) tan [ Nr

,/bz_uz

— Clog(a + bcos(d + ex)) + B(d + ex)
be

Antiderivative was successfully verified.

[In] Integrate[(A + B*Cos[d + e*x] + CxSin[d + exx])/(a + b*Cos[d + ex*x]),x]

[Out] (Bx(d + exx) + (2%(-(A*b) + a*B)*ArcTanh[((a - b)*Tan[(d + ex*x)/2])/Sqrt[-a
2 + b~2]]1)/Sqrt[-a”2 + b~"2] - CxLogla + b*Cos[d + exx]])/(b*e)

Maple [B] time = 0.043, size = 226, normalized size = 2.6

2 2
C ex d Barctan (tan (1/2 ex + d/2)) Ca ex d ex d
D ln[(tan(z +2)) +1)+2 b A ln((tan(z +2)) a (tan( +

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A+Bxcos(exx+d)+Cxsin(e*x+d))/(a+b*cos(exx+d)) ,x)

[Out] 1/e/b*Cx1n(tan(1l/2*exx+1/2%d) "2+1)+2/e/b*Bxarctan(tan(1/2*xe*x+1/2*d))-1/e/b
/(a-b)*1n(tan(1/2*xe*xx+1/2xd) “2*a-tan(1/2*e*x+1/2*d) ~2xb+a+b)*Cxa+1/e/(a-b) *
1n(tan(1/2xexx+1/2*d) "2*a-tan(1/2*e*xx+1/2*d) ~2*b+a+b) *C+2/e/ ((a+b) *(a-b) ) ~(
1/2)*arctan((a-b)*tan(1/2*xe*xx+1/2*d) /((a+b)*(a-b)) ~(1/2))*A-2/e/b/ ((a+b)*(a

-b)) " (1/2)*arctan((a-b)*tan(1/2*xe*xx+1/2*d) /((a+b)*(a-b) )~ (1/2)) *B*a

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*cos(exx+d)+Cxsin(e*x+d))/(at+tb*cos(exx+d)),x, algorithm="maxi
ma"

[Out] Exception raised: ValueError



104

Fricas [A] time = 1.9228, size = 721, normalized size = 8.29

2ab cos(ex+d)+(2 az—bz) cos(ex+d)?+2 V—a2+b2(a cos(ex-+d)+b) sin(ex+d)—a2+2 b ) (C )
p— a -

b2 cos(ex+d)2+2 ab cos(ex+d)+a?

2 (Ba2 - Bbz)ex + (Ba — Ab)V—-a? + 12 log(

2 (azb - b3)e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*cos(exx+d)+C*sin(e*xx+d))/(a+b*cos(e*x+d)),x, algorithm="fric
aSII

[Out] [1/2%(2*%(B*a”2 - Bxb~2)*e*x + (B*a - Axb)*sqrt(-a~2 + b~2)*log((2*a*b*cos(e
xx + d) + (2%¥a”2 - b"2)*cos(exx + d)72 + 2*sqrt(-a”2 + b~2)x(axcos(e*x + d)

+ b)*sin(exx + d) - a”2 + 2xb~2)/(b"2*xcos(exx + d)~2 + 2xa*xbxcos(exx + d)

+ a”2)) - (Cxa”2 - Cxb~2)*log(b~2*cos(e*x + d)~2 + 2*axbxcos(e*x + d) + a”2
))/((a”2%b - b~3)*e), 1/2+%(2%(B*a”~2 - Bxb~2)*exx - 2x(Bxa - Axb)*sqrt(a”2 -
b~2)*arctan(-(a*cos(e*x + d) + b)/(sqrt(a”2 - b™2)*sin(e*x + d))) - (Cxa~2

- C*b~2)*xlog(b~2*cos(e*xx + d)~2 + 2*xaxb*cos(exx + d) + a~2))/((a"2%b - b~3

)*xe) ]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*cos(exx+d)+C*sin(e*x+d))/(atb*cos(exx+d)),x)

[Out] Timed out

Giac [B] time = 1.188, size = 225, normalized size = 2.59

1 1 2 1 1 2 1 1 2 5 n{@+
(xe +d)B Clog —utan(ixe+5d) +btan(5xe+5d) —a-b| Clog tan(ixe+§d) +1 o
b 5 + . N
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*cos(exx+d)+Cxsin(e*x+d))/(atb*cos(exx+d)),x, algorithm="giac

u)

[Out] ((x*e + d)*B/b - Cxlog(-a*tan(1/2*x*e + 1/2%d)~2 + bxtan(1/2*x*e + 1/2%d) "2
- a - b)/b + Cxlog(tan(l/2*x*e + 1/2%d)"2 + 1)/b + 2*(pi*floor(1/2x(x*e +

d)/pi + 1/2)*sgn(-2*a + 2*b) + arctan(-(axtan(l/2*x*e + 1/2%d) - bxtan(1/2x

x*xe + 1/2*%d))/sqrt(a”2 - b72)))*x(Bxa - Axb)/(sqrt(a”2 - b~2)*b))*e”(-1)
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319 f A+B cos(d+ex)+C sin(d+ex) dx

(a+Db cos(d+ex))?

Optimal. Leaf size=120

\/ﬁtan(%(dﬂzx))
2(aA-bB)tan! | ———=—
_ (Ab-aB)sin(d + ex) Va+b . C
e (az - bz) (a +bcos(d + ex)) e(a —b)¥2(a + b)*2 be(a + b cos(d + ex))

[Out] (2x(a*xA - b*B)*ArcTan[(Sqrt[a - b]*Tan[(d + e*x)/2])/Sqrtla + bl])/((a - b)
~(38/2)*%(a + b)~(3/2)*e) + C/(b*xex(a + b*Cos[d + exx])) - ((Axb - a*B)+*Sin[d
+ exx])/((a"2 - b"2)*ex(a + bxCos[d + exx]))

Rubi [A] time = 0.171644, antiderivative size = 120, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 7, integrand size = 31, e o e

0.226, Rules used = {4377, 2754, 12, 2659, 205, 2668, 32}

integrand size

\/ﬁtan(%(dﬂx))
2(aA-bB)tan | ————
_ (Ab-aB)sin(d + ex) Va+b . C
e (a2 - bZ) (a + bcos(d + ex)) e(a — b)32(a + b)32 be(a + b cos(d + ex))

Antiderivative was successfully verified.

[In] Int[(A + B*Cos[d + e*x] + CxSin[d + exx])/(a + b*Cos[d + exx])"2,x]

[Out] (2x(a*xA - bxB)*ArcTan[(Sqrt[a - b]*Tan[(d + e*xx)/2])/Sqrtla + bl])/((a - b)
~(38/2)*%(a + b)~(3/2)*e) + C/(bxex(a + b*Cos[d + exx])) - ((Axb - a*B)*Sinl[d
+ exx])/((a™2 - b"2)*xex(a + b*Cos[d + exx]))

Rule 4377

Int[(u ) *((v_ ) + (d_D)*F_ ) [(c_.)*x((a_.) + (b_)*(x_))]"(n_.)), x_Symbol]

> With[{e = FreeFactors[Cos[c*x(a + b*x)], x]}, Int[ActivateTrigl[ux*v], x] +
Dist[d, Int[ActivateTriglu]*Sin[c*(a + b*x)]°n, x], x] /; Function0fQ[Cosl[c
x(a + bxx)]/e, u, x]] /; FreeQ[{a, b, c, d}, x] && !'FreeQ[v, x] && Integer
QL(n - 1)/2] && NonsumQ[u] && (EqQ[F, Sin] || EqQ[F, sin])

Rule 2754

Int[((a_) + (b_.)xsinl(e_.) + (£_.)*x(x_)]1)"(m_)*((c_.) + (d_.)*sin[(e_.) +
(f_)*(x_)]1), x_Symbol] :> -Simp[((b*xc - axd)*Cos[e + f*x]*(a + b*Sin[e + f
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*x])"(m + 1))/ (fx(m + 1)*(a”2 - b2)), x] + Dist[1/((m + 1)*(a"2 - b™2)), I
nt[(a + b*Sin[e + f*x])~(m + 1)*Simp[(a*c - bxd)*(m + 1) - (b*c - axd)*(m +
2)*Sinle + f*x], x], x], x] /; FreeQ[{a, b, ¢, d, e, £}, x] && NeQ[b*c - a
xd, 0] && NeQ[a"2 - b~2, 0] && LtQ[m, -1] && IntegerQ[2+m]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 2659

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + b + (
a - b)xe™2xx~2), x], x, Tan[(c + dx*x)/2]1/e], x1] /; FreeQ[{a, b, c, d}, x]

&% NeQ[a~2 - b~2, 0]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 2668

Int[cos[(e_.) + (£_)*(x D] (p_.)*x((a_) + (b_.)*sinl(e_.) + (f_D)*x(x_)])"(m
_.), x_Symbol] :> Dist[1/(b"pxf), Subst[Int[(a + x)"m*x(b"2 - x72)"((p - 1)/
2), x], x, bxSin[e + fxx]], x] /; FreeQ[{a, b, e, f, m}, x] && IntegerQ[(p
- 1)/2] && NeQ[a"2 - b2, 0]

Rule 32
Int[((a_.) + (b_.)*(x_)) " (m_), x_Symbol] :> Simp[(a + bxx)"(m + 1)/(b*(m +

1)), x] /; FreeQ[{a, b, m}, x] && NeQ[m, -1]

Rubi steps
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f A+ Bcos(d + ex) + Csin(d + ex) dr = C f sin(d + ex) x4 A + Bcos(d + ex)
B (a+

(@ + bcos(d + ex))? beos@d+en)? T ) @+ beos(d + ex)?
-aA+bB
(Ab — aB)sin(d + ex) f a+b cos(d+ex) dx  CSubst (f (a+x)? 4z,
(az - bz) e(a + bcos(d + ex)) —a? + b2 be
. C _ (Ab-aB)sin@+ey)  @A-PB) f o
be(a + b cos(d + ex)) (a2 - bz) e(a + b cos(d + ex)) -t

C (Ab — aB) sin(d + ex) (2(aA - bB)) Subst (

~ be(a+ beosd + ex)) (a2 = 1?) e(a + beos(d + ex))
\/_tan( (d+ex)))

2(aA - bB)tan™ [

Va+b C _ (Ab-aB)
B (a —Db)%2(a + b)32e " be(a +bcos(d +ex)) (a2 = b2) e(a +
(

Mathematica [A] time = 0.404844, size = 115, normalized size = 0.96

(a-b) tan( 5 (d+ex))
Vp2—42

2(aA—bB) tanh™!
C(a?~1?)~b(Ab—aB) sin(d-+ex) ( ) {

b(a-b)(a+b)(a+b cos(d+ex)) (bz_a2)3/2

Antiderivative was successfully verified.

[In] Integrate[(A + B*Cos[d + e*xx] + C*xSin[d + e*x])/(a + bxCos[d + exx])~2,x]

[Out] ((2*(axA - bxB)*ArcTanh[((a - b)*Tan[(d + e*x)/2])/Sqrt[-a~2 + b~2]]1)/(-a"2
+ b72)7(3/2) + ((a”2 - b™2)*C - b*x(A*b - a*B)*Sin[d + exx])/((a - b)*bx(a
+ b)*(a + b*xCos[d + exx])))/e

Maple [B] time = 0.04, size = 279, normalized size = 2.3

tan (1/2ex + df2) Ab 49 tan (1/2ex + d/2) Ba
e((tan (1/2ex +d/2))* a — (tan (1/2ex + d/2)) b+ a + b) (a2 - b2) e ((tan (1/2ex + d/2))* a — (tan (1/2 ex + d/2)

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((A+B*cos(e*x+d)+C*sin(e*x+d))/(a+b*xcos(exx+d)) ~2,x)

[Out] -2/e/(tan(1/2*e*xx+1/2%d) "2*xa-tan(1/2*exx+1/2*d) ~2*xb+a+b)/(a~2-b"2)*tan(1/2*
exx+1/2%d) *Axb+2/e/ (tan(1/2xe*x+1/2*d) "2*a-tan(1/2*exx+1/2*d) ~2*b+a+b) /(a"2

-b"2) *tan(1/2*e*xx+1/2*d) *Bxa-2/e/ (tan(1/2*xe*xx+1/2*d) “2*xa-tan (1/2*e*x+1/2*d)
~2*b+at+b) *C/ (a-b)+2/e/(a+b)/(a-b)/((atb)*(a-b) )~ (1/2)*arctan((a-b)*tan(1/2x*
exx+1/2xd) /((a+b)*(a-b)) ~(1/2))*A*a-2/e/(at+b)/(a-b)/((a+b)*(a-b)) ~(1/2)*arc
tan((a-b)*tan(1/2*xexx+1/2*d)/((a+b)*(a-b))~(1/2))*B*b

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*cos(e*xx+d)+C*sin(e*xx+d))/(atb*cos(e*x+d))”2,x, algorithm="ma
xima")

[Out] Exception raised: ValueError

Fricas [A] time = 1.61975, size = 969, normalized size = 8.07

2ab cos(ex+d)+(2 uz—bz) cos(ex+d)2+2 Y,

b2 cos(ex+d)2+2

2Ca* —4Ca?h? +2Ch* - (Aazb — Bab? + (Aabz - Bba) cos (ex + d))\/—a2 +b?log (

2 ((a4b2 - 2a%b* + b6)e cos (ex +d) + (a5b -248

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*cos(exx+d)+Cxsin(e*xx+d))/(a+b*cos(e*xx+d)) 2,x, algorithm="fr
icas")

[Out] [1/2*(2*C*xa”~4 — 4xCxa~2%b"2 + 2*xCxb~4 - (A*a~2xb - Bxaxb™2 + (A*xaxb™2 - Bx*b
“3)*cos(e*xx + d))*sqrt(-a”2 + b~2)xlog((2*a*b*cos(exx + d) + (2%¥a”2 - b72)*
cos(exx + d)72 + 2*sqrt(-a”2 + b~2)*(a*xcos(e*x + d) + b)*sin(exx + d) - a~2

+ 2xb~2) / (b~ 2*cos(e*x + d)~2 + 2*axb*cos(e*xx + d) + a~2)) + 2x(Bxa"3*b - A
*a"2%b"2 - B*xaxb”3 + A*b"4)xsin(e*x + d))/((a"4*b”"2 - 2*xa~2xb~4 + b76)*e*co
s(exx + d) + (a"b5*b - 2*xa~3%b~3 + axb~5)*e), (C*xa~4 - 2xCxa~2*xb~2 + Cxb~4 +
(Axa~2%b - Bxaxb~2 + (A*a*b”™2 - B*b~3)*cos(exx + d))*sqrt(a”2 - b~2)*arcta
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n(-(axcos(exx + d) + b)/(sqrt(a™2 - b"2)*sin(exx + d))) + (Bxa"3*b - Axa 2%
b~2 - B*a*b~3 + A*xb"4)xsin(exx + d))/((a"4%b"2 - 2*¥a"2*b"4 + b~6)*excos(e*xx
+ d) + (a”5%b - 2*%a~3*b"3 + axb”5)*e)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*cos(e*x+d)+Cxsin(exx+d))/(atb*cos(e*x+d))**2,x)

[Out] Timed out

Giac [A] time = 1.22492, size = 234, normalized size = 1.95

xe+d 1 a tan(% x8+% d)—b tan(% xe+% d)
n{757-+EJSgH(—Za-FZb)+EHCtan - - (Aa — Bb) Batan(%xe+—%d)—aAbtm
2 —_—

2
1 1 1
(atan(ixe+ Ed) —btan(i.

Nl

(@)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*cos(exx+d)+C*sin(exx+d))/(atb*cos(exx+d))~2,x, algorithm="gi
ac")

[Out] -2x((pi*floor(1/2*(x*e + d)/pi + 1/2)*sgn(-2*a + 2xb) + arctan(-(a*xtan(1/2x%
x*xe + 1/2*%d) - bxtan(l/2*x*e + 1/2%d))/sqrt(a”2 - b~2)))*(A*a - Bxb)/(a"2 -
b~2)7(3/2) - (Bxaxtan(l/2*x*e + 1/2%d) - Axbxtan(1/2xxxe + 1/2xd) - C*a -
Cxb)/((axtan(1/2*x*e + 1/2%d)"2 - bxtan(1/2*x*e + 1/2%d)"2 + a + b)*(a"2 -
b~2)))*e”(-1)
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390 f A+B cos(d+ex)+C sin(d+ex) dx

(a+b cos(d+ex))3

Optimal. Leaf size=187

Va-b tan( % (d+ex))
(242A - 3abB + A?) tan™! | ——— ) o
Va+b (a (=B) + 3aAb - 2b B) sin(d + ex) (Ab — aB) sin(d + ex)
e(a —b)**(a + by 2e (2 - bz)z (a+bcosd+ex)  2¢(a%—12)(a+bcos(d +ex)

[Out] ((2*%a"2%A + A*b~2 - 3xa*b*B)*ArcTan[(Sqrt[a - bl*Tan[(d + e*x)/2])/Sqrtl[a +
bl1)/((a - b)~(6/2)*(a + b)~(5/2)*e) + C/(2xbxex(a + b*Cos[d + e*x])~2) -

((A*b - ax*B)*Sin[d + exx])/(2%(a"2 - b™2)xex(a + b*Cos[d + e*x])"2) - ((3*a

*Axb - a”2%B - 2*b”2#B)*Sin[d + ex*x])/(2*(a”2 - b~2) 2*ex(a + b*Cos[d + ex*x

1))

Rubi [A] time = 0.284189, antiderivative size = 187, normalized size of antiderivative =

. . b f rul
1., number of steps used = 8, number of rules used = 7, integrand size = 31, e L

integrand size
0.226, Rules used = {4377, 2754, 12, 2659, 205, 2668, 32}

\/aTbtan(%(aHex))
(ZuzA —3abB + Abz) tan!| ——— ) po\
Va+b (a (-B) + 3aAb - 2b B) sin(d + ex) (Ab — aB) sin(d + ex)
e(a — b)*2(a + b)*2 % (u2 _ bz)z (a + bcos(d + ex)) 2e (az - bz) (a+Dbcos(d + ex)

Antiderivative was successfully verified.

[In] Int[(A + B*Cos[d + exx] + CxSin[d + exx])/(a + bxCos[d + exx])~3,x]

[Out] ((2*a~2%A + A*b"2 - 3*a*b*B)*ArcTan[(Sqrt[a - bl*Tan[(d + exx)/2])/Sqrtla +
bl1)/((a - b)~(6/2)*(a + b)~(5/2)*e) + C/(2xbxex(a + b*Cos[d + e*x])~2) -

((Axb - a*B)*Sin[d + e*x])/(2x(a”2 - b™2)*ex(a + b*Cos[d + e*x])"2) - ((3*a

*Axb - a”2+4B - 2xb"2*B)*Sin[d + ex*x])/(2*(a”2 - b72) " 2xex(a + b*Cos[d + ex*x

1))

Rule 4377

Int[(u_)*((v_) + (d_.)*x(F_)[(c_)*((a_.) + (b_.)*(x_))]"(n_.)), x_Symbol]

> With[{e = FreeFactors[Cos[c*(a + b*x)], x]}, Int[ActivateTrigl[ux*v], x] +
Dist[d, Int[ActivateTriglu]*Sin[c*(a + b*x)]°n, x], x] /; Function0£fQ[Cos[c
*(a + bxx)]/e, u, x]] /; FreeQ[{a, b, c, d}, x] && !'FreeQlv, x] && Integer
Ql(n - 1)/2] && NonsumQ[u] && (EqQ[F, Sin] || EqQ[F, sin])
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Rule 2754

Int[((a_) + (b_.)*sin[(e_.) + (f£_)*(x_)1)"(m_)*((c_.) + (d_.)*sin[(e_.) +
(f_)*(x_)]1), x_Symbol] :> -Simp[((b*xc - axd)*Cos[e + f*x]*(a + b*Sin[e + f
*x])"(m + 1))/(fx(m + 1)*x(a"2 - b2)), x] + Dist[1/((m + 1)*x(a"2 - b~2)), I
nt[(a + b*Sinle + f*x])~(m + 1)*Simp[(a*c - bxd)*(m + 1) - (b*c - axd)*x(m +
2)xSin[e + fx*x], x], x], x] /; FreeQl[{a, b, c, d, e, f}, x] && NeQ[b*c - a
xd, 0] && NeQ[a"2 - b~2, 0] && LtQ[m, -1] && IntegerQ[2+m]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 2659

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + b + (
a - b)*e”2*x72), x], x, Tan[(c + d*x)/2]/el, x]1] /; FreeQ[{a, b, c, d}, x]
&& NeQ[a"2 - b"2, 0]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 2668

Int[cos[(e_.) + (f_.)*(x_ )] (p_.)*((a_) + (b_.)*sin[(e_.) + (f£_.)*(x_)])"(m
_.), x_Symbol] :> Dist[1/(b"pxf), Subst[Int[(a + x) " m*x(b"2 - x~2)"((p - 1)/
2), x], x, b*xSinle + f*x]], x] /; FreeQ[{a, b, e, f, m}, x] && IntegerQ[(p
- 1)/2] && NeQ[a"2 - b~2, 0]

Rule 32
Int[((a_.) + (b_.)*(x_))"(m_), x_Symbol] :> Simp[(a + bxx)"(m + 1)/(b*x(m +

1)), x] /; FreeQ[{a, b, m}, x] && NeQ[m, -1]

Rubi steps
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f A + Bcos(d + ex) + Csin(d + ex) gy = C f sin(d + ex) A + Bcos(d + ex)
X =
(a + bcos(d + ex))3 (a + bcos(d + ex))3 (a + bcos(d + ex))3
—2(a A-bB)+(Ab—aB) cos(d+ex)
2 (u2 - b2) e(a + b cos(d + ex))? 2 (a2 - bz)
C (Ab — aB) sin(d + ex) (3aAb —a°B -

B 2be(a+bcosd +ex)? 2 (a2 - bz) e(a+bcos(d+ex))? o (a2 _ bz)z o

C (Ab — aB) sin(d + ex) (361Ab —a°B -

" 2be(a+beosd +en)? 2 (az - bz) e(a+bcos(d +ex))®> 1o (a2 _ b2)2 o

i C (Ab — aB) sin(d + ex) (301417 —a°B -
- 2be(a+beosd+ex))®  2(a2 - b2)e(a +beos(d +ex)? o (a2 - bz)z o
\/uTbtan(l(d+ex))
2 2 _ -1 AR
(242A + AP - 3abB) tan [ — .
- (a - b)>2(a + b)>2e - 2be(a + beos(d + ex))2

Mathematica [A] time = 0.783325, size = 175, normalized size = 0.94

1
2(242A-3abB+Ab?) tanhl[w]

C(a?-1?)-b(Ab—aB) sin(d+ex)  (a?B-3aAb+202B) sin(d-+ex) Vi2—a2
b(a—b)(a+b)(a+b cos(d+ex))? (a=b)2(a+b)2(a+b cos(d+ex)) (bz—a2)5/2
2e

Antiderivative was successfully verified.

[In] Integrate[(A + B*Cos[d + e*xx] + C*xSin[d + e*x])/(a + bxCos[d + exx])~3,x]

[Out] ((-2%(2*a"2*%A + A*b"2 - 3*a*b*B)*ArcTanh[((a - b)*Tan[(d + e*x)/2])/Sqrt[-a
"2 + b72]]1)/(-a”2 + b"2)7(5/2) + ((-3*xaxA*b + a"2*B + 2*b"2%B)*Sin[d + e*x]

)/ ((a = b)"2x(a + b)"2%(a + b*Cos[d + exx])) + ((a”2 - b"2)*C - bx(A*b - ax
B)*Sin[d + exx])/((a - b)*b*(a + b)*(a + b*xCos[d + exx])"2))/(2*e)

Maple [B] time = 0.045, size = 994, normalized size = 5.3

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((A+Bxcos(exx+d)+C*xsin(e*x+d))/(a+b*cos(exx+d)) " 3,x)

[Out] -4/e/(tan(1/2*e*xx+1/2%d) "2*a-tan(1/2*xexx+1/2*d) ~2xb+a+b) "2/ (a-b)/(a"2+2*xax*b
+b~2) *tan(1/2*exx+1/2*d) “3*xA*axb-1/e/ (tan(1/2*e*xx+1/2*d) "2*a-tan(1/2*e*x+1/
2xd) "2*xb+a+b) "2/ (a-b) / (a~2+2*a*b+b~2) *tan (1/2*exx+1/2*d) “3*A*xb~2+2/e/ (tan(1
/2%exx+1/2*xd) "2*a-tan(1/2*e*x+1/2*d) “2xb+a+b) "2/ (a-b) /(a"2+2*a*xb+b~2) *tan (1
/2%e*xx+1/2*d) "3*Bxa”"2+1/e/ (tan(1/2*e*x+1/2*d) "2*xa-tan(1/2*xe*x+1/2*d) ~2*b+a+
b) "2/ (a-b)/(a~2+2*axb+b"2) *tan(1/2*e*xx+1/2*d) ~3*B*xa*b+2/e/(tan(1/2*exx+1/2%
d) “2*a-tan(1/2*exx+1/2*d) “2*xb+a+b) "2/ (a-b) /(a~2+2*a*xb+b~2) *tan(1/2*e*xx+1/2x*
d) "3*B*b~2-2/e/(tan(1/2*e*xx+1/2*d) ~2*a-tan(1/2*xexx+1/2*d) “2*b+a+b) "2*C/(a-b
Y¥tan(1/2%exx+1/2*d) "2-4/e/ (tan(1/2*e*xx+1/2*d) "2*a-tan (1/2*e*xx+1/2%d) ~2*xb+a
+b) "2/ (a+b) / (a"2-2*a*xb+b~2) ¥tan (1/2*e*xx+1/2*xd) *A*xaxb+1/e/ (tan(1/2*e*xx+1/2*d
) "2xa-tan (1/2*e*xx+1/2*d) “2*xb+a+b) "2/ (a+b) /(a”™2-2*a*b+b~2) *tan (1/2*e*x+1/2*d
Y¥Axb"2+2/e/ (tan(1/2%e*x+1/2*d) “2*xa-tan(1/2*e*xx+1/2*d) ~2*b+a+b) "2/ (a+b)/(a”
2-2*%axb+b”2) ¥tan(1/2*e*xx+1/2*d) *B*a~2-1/e/ (tan(1/2*e*xx+1/2*d) "2*xa-tan(1/2*e
*x+1/2%d) ~2*xb+a+b) "2/ (a+b) / (a"2-2*axb+b~2) *tan (1/2*exx+1/2*d) *Bxaxb+2/e/ (ta
n(1/2%exx+1/2*d) "2*a-tan(1/2xe*x+1/2*d) ~2xb+a+b) ~2/(a+b)/(a"2-2*axb+b~2) *xta
n(1/2xexx+1/2*d) *B*xb~2-2/e/ (tan(1/2*exx+1/2*d) "2*a-tan(1/2*e*xx+1/2*d) ~2xb+a
+b) "2*xaxC/ (a"2-2*axb+b~2)+2/e/(a"4-2*a"2*xb"2+b"4) / ((a+b) *(a-b)) " (1/2) *arcta
n((a-b)*tan(1/2*exx+1/2*d) /((a+b)*(a-b))~(1/2))*A*a~2+1/e/(a"4-2xa"~2*b~2+b"~
4)/((a+b)*(a-b))~(1/2)*arctan((a-b)*tan(1/2xexx+1/2*d) /((a+b)*(a-b))~(1/2))
*Axb~2-3/e/(a"4-2*a"2%b"2+b"4) / ((a+b)*(a-b) ) ~(1/2)*arctan((a-b) *tan(1/2*e*x
+1/2*d) / ((a+b) *(a-b) )~ (1/2) ) *B*axb

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*cos(exx+d)+Cxsin(e*xx+d))/(atb*cos(exx+d))~3,x, algorithm="ma
xima")

[Out] Exception raised: ValueError

Fricas [B] time = 1.86969, size = 1782, normalized size = 9.53

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*cos(e*xx+d)+C*sin(e*xx+d))/(atb*cos(e*x+d))~3,x, algorithm="fr
icas")

[Out] [1/4%(2*C*a~6 - 6*Cxa~4*b~2 + 6xC*a”2*xb~4 - 2%Cxb~6 - (2xA*a~4*b - 3*Bxa~3x
b~2 + A*xa~2xb~3 + (2%A*a”2*b”3 - 3*Bxaxb~4 + A*b75)*cos(e*x + d)72 + 2% (2xA
*a”"3*%b~2 - 3*%B*a”2*b~3 + Axax*b~4)*cos(exx + d))*sqrt(-a”2 + b~2)*log((2*a*xb
xcos(exx + d) + (2*%a”2 - b~2)*cos(e*x + d)~2 + 2*sqrt(-a”2 + b~2)*(a*xcos(ex*
x + d) + b)*sin(exx + d) - a~2 + 2xb"2)/(b"2*cos(e*x + d)~2 + 2*axbxcos(e*xx
+ d) + a”2)) + 2x(2%B*a~5%b - 4xA*a”4xb"2 - B*a~3*b~3 + 5xA*xa”~2*xb~4 - Bxax
b"5 - A*b"6 + (B*a~4*b”2 - 3%A*a”~3*b"3 + B*a"2*b"4 + 3xA*xaxb”5 - 2*xBxb”6)*c
os(exx + d))*sin(exx + d))/((a"6%b"3 - 3*a~4*xb~5 + 3*a”2*xb~7 - b~9)*excos(e
*x + d)72 + 2x(a”7*b"2 - 3*a"5*xb"4 + 3*a”"3*b”"6 - a*b"8)*excos(exx + d) + (a
“8xb - 3*a"6%b"3 + 3*a"4xb"5 - a"2%b"7)*e), 1/2%(Cxa”"6 - 3*xCxa~4*b”2 + 3*Cx
a"2xb"4 - Cxb"6 + (2%xA*a~4*b - 3*%B*a~3*b"2 + A*xa~2%b”"3 + (2*A*a”"2%b"3 - 3*B
*axb~4 + Axb~5)*cos(e*x + d)72 + 2% (2*xA*a”3*b"2 - 3xB*a"2*b~3 + Axaxb”4)*co
s(exx + d))*sqrt(a™2 - b72)*arctan(-(a*cos(exx + d) + b)/(sqrt(a™2 - b72)*s
in(ex*x + d))) + (2*%B*a”b*xb — 4*xA*3a~4xb~2 - B*a~3*%b~3 + 5xA*a"2*xb~4 - Bxaxb”
5 - Axb76 + (B*a"4xb"2 - 3%A*a”~3%b"3 + B*a"2*xb"4 + 3xAxaxb”5 - 2xBxb”6)*cos
(exx + d))*sin(e*xx + d))/((a"6*b~3 - 3*a~4*b~5 + 3*a~2*b”~7 - b~9)*e*cos(e*x
+ d)"2 + 2%(a”7%b"2 - 3*%a”5*b"4 + 3*a~3*b"6 - axb"8)*excos(exx + d) + (a”8
*b — 3%a”6*b~3 + 3*a~4*b"5 - a"2x%b~7)*e)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*cos(exx+d)+Cxsin(exx+d))/(atb*cos(exx+d))**3,x)

[Out] Timed out

Giac [B] time = 1.27839, size = 678, normalized size = 3.63

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((A+B*cos(e*x+d)+Cxsin(exx+d))/(a+b*cos(e*x+d)) " 3,x, algorithm="gi
ac")

[Out] ((2*%A*a”2 - 3*Bkaxb + A*xb~2)*(pi*floor(1/2*(x*e + d)/pi + 1/2)*sgn(2xa - 2%
b) + arctan((a*xtan(1/2*x*e + 1/2*d) - b*tan(l/2*x*e + 1/2xd))/sqrt(a”2 - b~
2)))/((a”4 - 2%¥a”2*%b"2 + b~4)*sqrt(a”2 - b72)) + (2%B*a”3*xtan(1/2*x*e + 1/2
*d) "3 - 4*xA*xa”2*xbxtan(1/2xx*xe + 1/2%d)”3 - B*xa 2xbxtan(1/2*x*e + 1/2%d)"3 +
3xA*xaxb"2*xtan(1/2xx*e + 1/2%d)~3 + Braxb~2*xtan(1/2*x*e + 1/2%d)"3 + A*xb~3*
tan(1/2*x*xe + 1/2%d)"3 - 2*Bxb~3*tan(1/2*x*xe + 1/2%d)"3 - 2*C*xa~3*tan(1/2*x
xe + 1/2%d) "2 - 2*Cxa~2xbxtan(1/2*x*xe + 1/2%d) "2 + 2*Cxaxb~2xtan(1/2*x*e +
1/2%d) "2 + 2*Cxb~3*tan(1/2*x*xe + 1/2%d)~2 + 2*Bxa~3*tan(1/2*x*e + 1/2%d) -
dxAxa~2xbxtan (1/2*x*e + 1/2*%d) + B*xa~2xbxtan(1/2*x*e + 1/2*%d) - 3*xAxaxb~2xt
an(1/2*x*e + 1/2*%d) + Bxaxb ™ 2*xtan(1l/2*x*e + 1/2%d) + A*xb~3xtan(1/2*x*e + 1/
2%d) + 2*B*xb~3*tan(1/2*x*e + 1/2%d) - 2*C*a”3 - 4*xC*xa”~2xb - 2*xCxaxb~2)/((a”
4 - 2%x3”2*xb"2 + b~ 4)*(axtan(1/2*x*e + 1/2*d) "2 - bxtan(l/2*x*e + 1/2*%d)"2 +
a + b)72))*xe"(-1)
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A+chmﬂf@+C$nw+mjdx

321 |

(a+b cos(d+ex))*
Optimal. Leaf size=260

\/ﬁtan(%(dﬂx))
atb (11a2Ab - 22°B - 13ab?B + 4Ab®) sin(d + ex)  (-24B +

(2a3A — 44%bB + 3aAb? — b3B) tan~! (

e(a — b)’2(a + b)712 6e (gZ - b2)3 (a + bcos(d + ex)) 6e (az -

[Out] ((2*%a”~3*A + 3*a*xA*b~2 - 4*a”~2xbxB - b~3*B)*ArcTan[(Sqrt[a - b]*Tan[(d + e*x
)/2]1)/Sqrtla + b]])/((a - b)~(7/2)*x(a + b)~(7/2)*e) + C/(3*bxe*x(a + b*Cos[d

+ e*xx])73) - ((Axb - axB)*Sin[d + e*x])/(3*(a"2 - b™2)*ex(a + b*Cos[d + e*
x])73) - ((5xa*xA*b - 2*a”2*B - 3*b"2*B)*Sin[d + ex*x])/(6*(a"2 - b~2) 2xex(a

+ b*Cos[d + exx])"2) - ((11*a”2*A*b + 4*xA*xb~3 - 2%a~3+%B - 13*a*xb™2*B)*Sin|[

d + exx])/(6x(a”2 - b"2) 3*ex(a + b*Cos[d + exx]))

Rubi [A] time = 0.499284, antiderivative size = 260, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 7, integrand size = 31, e o e

0.226, Rules used = {4377, 2754, 12, 2659, 205, 2668, 32}

integrand size

Va-b tan(%(d+ex))
(24°A - 4a%bB + 3a AP - 1°B) tan ™ | ———— ) ) , )
Va+b (11a2Ab - 24°B - 13ab?B + 4Ab%) sin(d + ex)  (-24?B +
_ . _
e(a — b)7?(a + by’ 6e (a2 - b2)" (a + b cos(d + ex)) 6e (a2 -

Antiderivative was successfully verified.

[In] Int[(A + B*Cos[d + ex*x] + CxSin[d + exx])/(a + bxCos[d + exx]) 4,x]

[Out] ((2*%a”~3*A + 3*a*xA*b~2 - 4*a”~2xbxB - b~3*B)*ArcTan[(Sqrt[a - bl*Tan[(d + e*x
)/2]1)/Sqrtla + bl])/((a - b)~(7/2)*x(a + b)~(7/2)*e) + C/(3*bxe*x(a + b*Cos[d

+ e*xx])"3) - ((Axb - a*B)*Sin[d + e*x])/(3*x(a"2 - b™2)*ex(a + b*Cos[d + ex
x])73) - ((5xa*xA*b - 2*a”2*B - 3*b"2*B)*Sin[d + ex*x])/(6x(a"2 - b~2) 2xex(a

+ b*Cos[d + exx])"2) - ((11*a”2*A*b + 4*xA*b~3 - 2%a~3+%B - 13*a*xb™2*B)*Sin|[

d + exx])/(6x(a”2 - b"2) 3*ex(a + b*Cos[d + exx]))

Rule 4377

Int[(u )*((v_) + (d_)*(F_)[(c_)*((a_.) + (b_.)*(x_))]"(n_.)), x_Symbol]
> With[{e = FreeFactors[Cos[c*(a + b*x)], x]}, Int[ActivateTrigl[u*v], x] +
Dist[d, Int[ActivateTriglu]l*Sin[c*(a + b*x)]°n, x], x] /; Function0fQ[Cos[c
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*x(a + b*x)]/e, u, x1] /; FreeQ[{a, b, c, d}, x] && !FreeQ[v, x] && Integer
Ql(n - 1)/2] && NonsumQ[u] && (EqQ[F, Sin] || EqQ[F, sin])

Rule 2754

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)])"(m_)*((c_.) + (d_.)*sin[(e_.) +
(f_)*(x_)]1), x_Symbol] :> -Simp[((bxc - axd)*Cos[e + f*x]*(a + b*Sin[e + f
*x])"(m + 1))/(fx(m + 1)*(a"2 - b™2)), x] + Dist[1/((m + 1)*(a"2 - b™2)), I
nt[(a + b*Sin[e + f*x])~(m + 1) *Simp[(a*c - bxd)*(m + 1) - (b*c - axd)*(m +
2)*Sinle + f*x], x], x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - a
*d, 0] &% NeQ[a"2 - b~2, 0] && LtQ[m, -1] && IntegerQ[2+*m]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 2659

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)1)~(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + b + (
a - b)*e™2xx"2), x], x, Tan[(c + d*x)/2]1/el, x]1] /; FreeQ[{a, b, c, d}, x]

&& NeQ[a"2 - b~2, 0]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 2668

Int[cos[(e_.) + (£_D)*x D] (p_.)*((a_) + (b_.)*sinl(e_.) + (£_)*x(x_)])"(m
_.), x_Symbol] :> Dist[1/(b"p*f), Subst[Int[(a + x)"m*x(b"2 - x"2)"((p - 1)/
2), x], x, b*Sinle + f*x]], x] /; FreeQ[{a, b, e, f, m}, x] && IntegerQ[(p
- 1)/2] && NeQ[a"2 - b"2, 0]

Rule 32
Int[((a_.) + (b_.)*(x_)) " (m_), x_Symbol] :> Simp[(a + bxx)"(m + 1)/(b*x(m +

1)), x]1 /; FreeQ[{a, b, m}, x] && NeQ[m, -1]

Rubi steps
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f A+ Bcos(d + ex) + Csin(d + ex) dr = C f sin(d + ex) i A + Bcos(d + ex)
(a + beos(d + ex))* B (a + beos(d + ex))* (a + beos(d + ex))*
—3(aA-bB)+2(Ab-aB) cos(d+ex)
(Ab-aB)sind+er) | T Groomar 9% SV
3 (a2 - bz) e(a + beos(d + ex))3 3 (az - bz)
C (Ab — aB) sin(d + ex) (52Ab - 242B

" Sbe(a+beos(d+ eVl 3 (a2~ b2)e(a + beos(d + eVl 6 (2 B el

_ C _ (Ab-aB)sind+ex)  (50Ab-20°B
3be(a + beos(d +ex))® 3 (az - bz) e(a+bcos(d+ex))® ¢ (a2 _ bz)z e

_ C _ (Ab-aB)sind+ex)  (50Ab-20°B
3be(a + beos(d +ex))® 3 (az - bz) e(a+bcos(d+ex))® ¢ (a2 _ bz)z e

_ C (Ab—aB)sin@d +ex)  (5aAb-24°B
3be(a + bcos(d +ex))* 3 (az - bz) e(a+bcos(d+ex))® ¢ (a2 _ bz)z e
Va-b tan( H (d+€x))
3 2 A201 _ 13 -1 2
(24°A + 32 Ab? - 4a?bB - b°B) tan [ s .
- (@ —b)2(a + b)e " 3be(a + beosd

Mathematica [A] time = 1.12727, size = 302, normalized size = 1.16

—3b(3a2 Ab>-24a* Ab+14a°b?B+8a° B+3ab* B-4Ab% ) sin(d-+ex)+6b2(9a° Ab-9a?b? B—2a* B+a Ab3+1*B) sin(2(d-+ex))+11a% Ab* sin(3(d-+ex))—2a°b>B sin(3(d

b(bz—a2)3(a+b cos(d+ex))3

24e
Antiderivative was successfully verified.

[In] Integrate[(A + B*Cos[d + e*xx] + C*xSin[d + e*x])/(a + b*Cos[d + exx])~4,x]

[Out] ((24*x(2*a”~3*A + 3*xa*xA*b~2 - 4*a”2*b*B - b~ 3*B)*ArcTanh[((a - b)*Tan[(d + ex*
x)/2]1)/8qrt[-a~2 + b~2]])/(-a"2 + b72)7(7/2) + (-8%a~6%C + 24xa~4*xb~2*C - 2
4xa~2%b"4%C + 8*xb~6*C — 3*b*(-24*a”~4xA*xb + 3*a"2xA*xb”~3 - 4*A*b~5 + 8*xa~5*B
+ 14*%a”3*b"2*B + 3*axb~4*B)*Sin[d + e*xx] + 6xb"2x(9*xa~3*A*xb + a*A*b”~3 - 2x*a
“4%B - 9%a”2*b"2*B + bT4xB)*Sin[2+(d + e*x)] + 11*a"2*xA*b~4*Sin[3*(d + e*xx)
] + 4xA*xb”"6*xSin[3*(d + e*x)] - 2*%a”3*b"3*B*Sin[3*(d + e*x)] - 13*axb~5*xB*Si
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n[3*%(d + exx)])/(b*x(-a"2 + b~2)"3x(a + b*Cos[d + ex*xx])"3))/(24x*e)

Maple [B] time = 0.052, size = 1974, normalized size = 7.6

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A+B*cos(exx+d)+C*sin(e*x+d))/(a+b*cos(exx+d)) " 4,x)

[Out] -4/3/e/(tan(1/2*exx+1/2*d) "2*a-tan(1/2*e*x+1/2*d) ~2xb+a+b) ~3/(a~2-2*a*xb+b~2
)/ (a~2+2%axb+b”2) *tan (1/2%e*xx+1/2xd) “3*xA*b~3+4/e/ (tan(1/2xe*xx+1/2*d) ~2*a-ta
n(1/2%exx+1/2*d) “2*b+a+b) "3/ (a"2-2*a*xb+b”2) / (a"2+2*axb+b~2) xtan (1/2*exx+1/2
*d) "3*%B*a~3-2/e/(tan(1/2xexx+1/2*d) "2*a-tan(1/2*e*xx+1/2*d) ~2*b+a+b) "3/ (a+b)
/ (a~3-3%a"2*xb+3*a*xb~2-b"3) *tan (1/2*e*x+1/2*d) *A*xb~3+2/e/ (tan (1/2*e*x+1/2*d)
“2*%a-tan(1/2xe*x+1/2%d) ~2xb+a+b) ~3/(a+b)/(a~3-3*a"2*xb+3*a*xb~2-b~3) *tan(1/2*
exx+1/2*d) *B*a~3-1/e/(tan(1/2%e*x+1/2*d) ~2*a-tan(1/2*xexx+1/2*d) ~2*b+a+b) "3/
(a+b)/(a~3-3*a"2*b+3*a*xb™2-b~3) *tan (1/2*e*x+1/2*d) *B*xb~3-4/e/ (a~6-3*a~4*b~2
+3*xa~2*%b"4-b"6) / ((a+b)*(a-b) )~ (1/2)*arctan((a-b) *tan(1/2xe*x+1/2*d) / ((a+b) *
(a-b))~(1/2))*B*xa~2xb+3/e/(a”6-3*a~4*xb~2+3*a"2xb"4-b"6) /((a+b) *(a-b)) ~(1/2)
*arctan((a-b)*tan(1/2*xexx+1/2*d)/((a+b)*(a-b) )~ (1/2) ) *Axaxb~2-2/e/(tan(1/2x*
exx+1/2*d) "2*a-tan(1/2xexx+1/2*d) ~2*b+a+b) "3/ (a-b) /(a~3+3*a~2*b+3*a*b~2+b"3
Yxtan (1/2%e*xx+1/2*d) "5xAxb~3+2/e/ (tan (1/2*e*x+1/2*d) ~"2*a-tan(1/2xexx+1/2*d)
~2xb+a+b) "3/ (a-b) /(a~3+3*a"2*b+3*a*xb”2+b"3) *tan (1/2*e*xx+1/2*d) “5%B*xa~3+1/e/
(tan(1/2*e*x+1/2*d) "2*a-tan(1/2xe*x+1/2*d) ~2*b+a+b) "3/ (a-b) / (a~3+3*a~2*b+3*
ax*b~2+b"3) *tan(1/2*e*x+1/2*xd) “5*B*xb~3+2/e/(a”~6-3*a~4*xb~2+3*a~2*xb~4-b"6) /((a
+b)*(a-b)) ~(1/2)*arctan((a-b)*xtan(1/2%exx+1/2%d)/((a+b)*(a-b))~(1/2))*A*a"3
-1/e/(a”6-3*a~4*xb"2+3*a"2*xb~"4-b"6) / ((a+b) *(a-b)) ~(1/2) *arctan((a-b) *tan(1/2
xexx+1/2%d)/((a+b)*(a-b) )~ (1/2))*B*b~3-4/e/(tan(1/2xe*xx+1/2%d) "2*xa-tan(1/2%
e*xx+1/2%d) "2*b+a+b) "3*a*xC/ (a~2-2*a*xb+b~2) *tan(1/2*e*xx+1/2*d) "2-6/e/(tan(1/2
*e*xx+1/2%d) "2*a-tan(1/2*exx+1/2*d) ~2*b+a+b) "3/ (a+b) / (a~3-3*a~2*b+3*a*xb~2-b"
3)xtan(1/2xe*x+1/2*d) *A*xa~2*xb+28/3/e/ (tan(1/2*%e*xx+1/2*d) "2*a-tan(1/2*e*x+1/
2xd) “2*b+a+b) “3/(a"2-2*axb+b”2) / (a"2+2*xaxb+b~2) *tan (1/2*e*x+1/2*d) ~3*B*axb~
2+6/e/ (tan(1/2*exx+1/2*d) “2*xa-tan(1/2*xe*xx+1/2xd) ~2*xb+a+b) ~3/(a-b)/(a”~3+3*a”
2%b+3*a*b”2+b73) *tan (1/2xexx+1/2*d) "5*%B*a*xb”2+2/e/ (tan(1/2*xexx+1/2*d) "2*a-t
an(1/2*e*xx+1/2*d) ~“2*xb+a+b) "3/ (a-b)/(a"3+3*a"2*b+3*a*xb~2+b~3) *tan (1/2*e*x+1/
2%d) “5*B*a”~2xb+3/e/ (tan(1/2*e*xx+1/2*d) “2*a-tan (1/2*exx+1/2*d) ~2*b+a+b) ~3/(a
+b) / (a~3-3*a~2*b+3*a*xb~2-b"3) *tan (1/2*e*xx+1/2*d) *A*xaxb~2-2/e/ (tan(1/2*e*xx+1
/2%d) “2*a-tan (1/2*exx+1/2*d) ~2*xb+a+b) ~3/(a+b)/(a"3-3*a"2*b+3*axb~2-b"3) *tan
(1/2%exx+1/2%d) *Bxa~2*xb-12/e/ (tan(1/2*e*x+1/2*d) "2*a-tan(1/2*xexx+1/2*d) ~2*b
+a+b) "3/ (a"2-2*axb+b"2) / (a"2+2*a*b+b”2) *tan (1/2*exx+1/2*d) "3*xA*a”2*xb+6/e/ (t
an(1/2*e*x+1/2*d) “2*a-tan(1/2*e*xx+1/2*d) ~2*b+a+b) ~3/(a+b) /(a~3-3*a~2*b+3*a*
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b~2-b"3)*tan(1/2*e*x+1/2*d) *Bxa*b”~2-6/¢e/ (tan(1/2*xe*x+1/2%d) "2*xa-tan(1/2*ex*x
+1/2*d) “2*xb+a+b) ~3/ (a-b)/(a~3+3*a"2*b+3*a*xb~2+b"3) xtan (1/2*e*x+1/2*d) “5*xA*a
~2xb-3/e/ (tan(1/2*e*xx+1/2*d) "2*xa-tan(1/2*xe*xx+1/2*d) ~2*¥b+a+b) "3/ (a-b)/(a~3+3
*a " 2%b+3*a*xb”2+b"3) *tan (1/2xexx+1/2+d) "bkA*xaxb"2-2/e/ (tan(1/2*xe*xx+1/2*d) "2
a-tan(1/2*ex*xx+1/2*d) "2*b+a+b) ~3*%C/ (a~3-3*a"2*b+3*a*xb"2-b~3) *a~2-2/3/e/ (tan(
1/2%exx+1/2*d) “2*a-tan(1/2*exx+1/2*d) ~2*xb+a+b) “3*%C/ (a~3-3*a”~2*b+3*a*xb~2-b~3
)*¥b"2-2/e/ (tan(1/2*e*xx+1/2*d) “2*xa-tan (1/2*e*x+1/2*d) ~2*xb+a+b) ~3*C/ (a-b) *tan
(1/2%exx+1/2%d) "4

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*cos(exx+d)+Cxsin(e*xx+d))/(a+b*cos(exx+d)) 4,x, algorithm="ma
xima"

[Out] Exception raised: ValueError

Fricas [B] time = 2.15324, size = 2912, normalized size = 11.2

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*cos(e*xx+d)+C*sin(e*xx+d))/(atb*cos(e*x+d)) 4,x, algorithm="fr
icas")

[Out] [1/12%(4*C*xa~8 - 16xCxa~6%b~2 + 24*C*a”4*b~4 — 16*Cxa~2%b~6 + 4*C*xb~8 - 3x*(
2%A*a~6%b — 4%B*xa~b*b"2 + 3*xA*a~4xb”"3 - B*a"3x%b"4 + (2%A*a~3%b"4 — 4*B*xa~2x
b"5 + 3*xA*xaxb”6 - Bxb~7)*cos(exx + d)~3 + 3*%(2*¥A*a"4%b"3 - 4*B*a~3*b"4 + 3%
A*a”~2*b~5 - Bxa*b~6)*cos(e*xx + d)72 + 3*x(2%A*a~5%b"2 - 4*B*a"4*xb"3 + 3xAxa”
3%b~4 - B*a"2xb~5)*cos(e*x + d))*sqrt(-a”2 + b~2)xlog((2*a*b*cos(e*x + d) +
(2%a”2 - b72)*cos(exx + d)72 + 2xsqrt(-a”2 + b"2)*(axcos(e*x + d) + b)*sin
(exx + d) - a~2 + 2x¥b72)/(b"2*cos(e*x + d)~2 + 2*axbxcos(exx + d) + a”2)) +
2% (6xB*a”~7xb — 18%A*a”~6xb~2 + 4xB*xa~bxb~3 + 23*A*a~4xb"4 - 11*Bxa~3%b"5 -
TxA*xa~2%b~6 + Bxaxb™7 + 2%A*xb~8 + (2xB*xa”"5%xb~3 - 11xA*a~4%b"4 + 11*B*xa~3%b~
5 + 7*A*a”2*b”"6 - 13*Bxaxb”~7 + 4*xA*b~8)*cos(e*xx + d)~2 + 3x(2*%B*a"6*%b"2 - 9
*A*xa"5xb"3 + 7*B*a"4*b~4 + 8xA*a”3%b~5 - 10*B*a”2*b"6 + A*xaxb”~7 + B*b~8)*co
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s(exx + d))*sin(exx + d))/((a"8%b~4 - 4*%a~6%b"6 + 6%xa”~4*b~8 - 4*xa~2%b~10 +
b~12)*excos(exx + d)~3 + 3*(a”9*b~3 - 4*a~7xb"5 + 6*%a”b*b”7 - 4*a~3*b"9 + a
*b~11) *e*xcos(exx + d)72 + 3*x(a”10%b"2 - 4*a”8*b”"4 + 6*a~6*xb"6 - 4*xa~4*b"8 +
a"2*%b”"10) *e*xcos(exx + d) + (a”11%b - 4*a”~9*b”~3 + 6*a~7*b~5 - 4*a”5*xb”7 + a
~3%b"9)*e), 1/6*%(2xC*xa”8 - 8*Cxa~6*b~2 + 12xCxa"4*xb~4 - 8xCxa~2*xb~6 + 2xCxb
~8 + 3*%(2%A*a”6xb - 4*Bxa~5xb~2 + 3*xA*a~4xb"3 - B*a"3*b"4 + (2*xA*xa~3*%b"4 -
4%B*a~2xb"5 + 3*Axaxb”6 - B*b~7)*cos(e*x + d)73 + 3*(2xA*a”4%b~3 - 4*B*a~3*
b~4 + 3*xA*a~2%b~5 - B*a*b”6)*cos(exx + d)~2 + 3*%(2%A*a”5*b”"2 - 4*Bxa~4xb”3
+ 3%A*a~3*b"4 - Bxa"2*xb~5)*cos(e*x + d))*sqrt(a”2 - b~2)*arctan(-(axcos(e*x
+d) + b)/(sqrt(a™2 - b"2)*sin(e*x + d))) + (6*%Bxa~7+b - 18%A*a~6%b~2 + 4x
B*a"b*b~3 + 23%A*a~4*b"4 - 11*B*a”~3*b"5 - 7xA*xa~2*%b"6 + Bxaxb”7 + 2%xA*b”~8 +
(2%B*a~5%b~3 - 11*A*a~4*xb~4 + 11%Bxa”~3*b"5 + TxA*xa~2*b"6 - 13*Bkxa*xb™7 + 4x*
A*¥b~8)*cos(exx + d)~2 + 3*(2*B*a”~6xb"2 - 9xA*a~5%b~3 + T7T*B*a~4*xb~4 + 8xAxa”
3*b”"5 - 10*B*a~2*b~6 + A*axb”7 + B*b~8)*cos(exx + d))*sin(e*x + d))/((a"8*b
4 - 4%a”6*b”6 + 6*a"4*b"8 - 4%a"2%b"10 + b~12)*e*xcos(exx + d)~3 + 3*(a”9*b
"3 - 4*%a"7*b"5 + 6*xa"b*b"7 - 4%a~3%b"9 + axb"11)*excos(exx + d)"2 + 3*(a”10
*b"2 - 4*a"8%b"4 + 6*a"6xb"6 - 4*a~4xb"8 + a"2*%b"10)*e*xcos(exx + d) + (a”11
*b — 4%a”"9*%b~3 + 6*a”7*b"5 - 4*a~5%b”7 + a~3*b~9)x*e)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*cos(e*xx+d)+C*sin(e*xx+d))/(atb*cos(e*x+d))**4,x)

[Out] Timed out

Giac [B] time = 1.30711, size = 1296, normalized size = 4.98
result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+B*cos(e*xx+d)+C*sin(e*xx+d))/(atb*cos(e*xx+d)) 4,x, algorithm="gi
aC"

[Out] -1/3%(3%(2%xA*a”3 - 4xB*a~2xb + 3*%A*xaxb”™2 - B*b~3)*(pi*floor(1/2*x(x*xe + d)/p
i + 1/2)*sgn(-2%a + 2%b) + arctan(-(a*tan(1l/2xx*e + 1/2xd) - bxtan(l/2*x*e
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+ 1/2*d))/sqrt(a”2 - b72)))/((a”6 - 3*a"4*b"2 + 3*a”2%b"4 - b"6)*sqrt(a”2 -
b~2)) - (6%B*a~b*tan(1/2*x*e + 1/2*d)~5 - 18*A*xa~4xb*tan(1/2*xx*e + 1/2xd)”~
5 - 6*B*a”4xb*xtan(1/2*xx*e + 1/2%d)"5 + 27*A*a”3*b"2*xtan(1/2*xx*xe + 1/2%d)"5

+ 12*%B*a”3*b"2xtan(1/2*x*e + 1/2%d)"5 - 6xA*a”~2xb~3xtan(1/2*x*e + 1/2*d)"5

- 27*B*a”2*b " 3*tan(1/2*x*e + 1/2%d)"5 + 3*A*xaxb~4*xtan(1l/2*x*xe + 1/2%d)"5 +

12xB*axb~4*tan(1/2*x*e + 1/2%d)"5 - 6*xAxb~5*tan(1/2*x*e + 1/2%d)~5 + 3*B*xb~
5%tan(1/2*x*e + 1/2*d)~5 - 6xCxa~b*tan(1/2*x*e + 1/2*%d)~4 - 6xCxa~4*bxtan(1
/2%x*xe + 1/2*%d) "4 + 12*Cxa”~3xb~2*tan(1/2*x*e + 1/2*d) "4 + 12*xCxa~2*b~3*tan(
1/2xx*xe + 1/2%d)~4 - 6*Ckaxb”4xtan(1/2xxxe + 1/2%d)"4 - 6*xCxb~5xtan(1/2xx*e
+ 1/2*%d)"4 + 12xBxa~bxtan(1/2*x*e + 1/2*d)~3 - 36*A*a~4*b*tan(1l/2*x*e + 1/
2%d) "3 + 16*B*a”3*b~2*xtan(1/2*x*xe + 1/2%d)~3 + 32*xA*xa"2*b~3*tan(1/2*x*e + 1
/2*%d) "3 - 28xB*axb~4xtan(1/2*x*e + 1/2*d) "3 + 4*xAxb~5xtan(1/2*x*e + 1/2*d)”
3 - 12*C*xa”bxtan(1/2*x*xe + 1/2*d) "2 - 24*xCxa~4xbxtan(1/2*x*e + 1/2*d)"2 + 2
4xCxa~2xb"3xtan (1/2*x*e + 1/2*%d) "2 + 12*xCxaxb~4xtan(1l/2*x*e + 1/2*d)"2 + 6%
Bxa~bxtan(1/2*x*xe + 1/2%d) - 18*A*a”~4xbxtan(1/2*x*e + 1/2*%d) + 6*xBxa~4xbxta
n(1/2*xx*xe + 1/2%d) - 27*A*a"3*b"2*xtan(1/2*x*xe + 1/2%d) + 12*B*a”~3*b~2*tan(1
/2*%x*xe + 1/2%d) - 6%xA*a”2x%b"3*xtan(1/2*x*e + 1/2%d) + 27*Bxa~2*b~3*tan(1/2*x
xe + 1/2%d) - 3*xAxaxb 4dxtan(1l/2*xx*xe + 1/2%d) + 12*Bxaxb 4xtan(1l/2*x*e + 1/2
*d) - 6*xA*b " 5xtan(1/2*x*e + 1/2%d) - 3*B*xb~5*xtan(1/2*x*e + 1/2%d) - 6*C*a”b
- 18*C*a~4*b — 20*%C*xa~3*b~2 - 12*%C*a”2*b~3 - 6*xCxaxb~4 - 2+%Cxb~5)/((a"6 -

3*a"4*b”"2 + 3*a"2*b"4 - b~6)*(artan(1l/2*x*e + 1/2*d)"2 - bxtan(l/2*x*e + 1/
2%xd)”"2 + a + b)"3))*e”(-1)
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Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* ::Subsection:: *)
(*GradeAntiderivative [result,optimal]*)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex)

(* "C" if result involves higher level functions than necessary*)
(x "B" if result is more than twice the size of the optimalx*)

(* antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
If [ExpnType [result] <=ExpnType [optimall,
If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
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If [LeafCount [result]<=2*LeafCount [optimal],
IIA" s
uBn] s
||Cl|:| s
If [FreeQ[result,Integrate] && FreeQ[result,Int],
IICII s
"F"]]

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involvesx)
(¥1 = rational functionx)

(¥2 = algebraic functionx)

(¥3 = elementary functionx)

(¥4 = special functionx)

(x5 = hyperpergeometric function*)

(*6 = appell functionx)

(¥7 = rootsum functionx)

(¥8 = integrate functionx*)

(*9 = unknown functionx)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expnl ],
If [Head [expn]===Power,
If [IntegerQlexpn[[2]1]1],
ExpnType [expn[[1]]],
If [Head[expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]]] ,ExpnType[expn[[2]1]1],3]11],
If [Head [expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
I1f [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType [expn[[1]1]1]],
If [SpecialFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],4]],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType, Apply[List,expnl],6]],
If [Head [expn]===RootSum,
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74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92

94
95
96
97
98
99
100
101
102
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Apply[Max, Append [Map [ExpnType,Apply[List,expnl],7]1],
If [Head [expn]l===Integrate || Head[expn]===Int,

Apply [Max, Append [Map [ExpnType, Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

}, funcl

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshlIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

}, func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ [{AppellF1},func]
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4.0.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin

#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added

#Nasser 03/24/2017 corrected the check for complex result

#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems
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GradeAntiderivative := proc(result,optimal)
local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

leaf count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf_count_result > 500000 then
return "B";
fi;

leaf_count_optimal:=leafcount (optimal);

ExpnType_result:=ExpnType(result) ;
ExpnType_optimal:=ExpnType (optimal) ;

if debug then
print ("ExpnType_result",ExpnType_result," ExpnType_optimal=",
ExpnType_optimal) ;
fi;

# If result and optimal are mathematical expressions,

# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
# "B" if result is more than twice the size of the optimal

# antiderivative

# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F";
end if;

if ExpnType_result<=ExpnType_optimal then
if debug then
print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then




56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74

75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101

if debug then
print("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_ count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print ("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then

129

print("result do not contain complex, this assumes optimal do not

as well");
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:

#

# is_contains_complex(result)

# takes expressions and returns true if it contains "I" else false
#

#Nasser 032417




102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148

is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

= algebraic function

= elementary function

= special function

hyperpergeometric function
= appell function

= rootsum function

= integrate function

= unknown function

H OHF H OH HF OH OH H H H H
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ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn, 'sqrt') then
if type(op(l,expn),'rational') then

1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ""') then

if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' ™+ ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
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163
164
165
166
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175
176
177
178
179
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elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8,apply (max ,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,1ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh, cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunctionQ := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA ,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.

#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
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leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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4.0.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added “RootSum™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count(expr):
#sympy do not have leaf count function. This is approximation
return round(1l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
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if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True

else:
return False

except AttributeError as error:
return False

def expnType(expn) :
debug=False
if debug:
print ("expn=",expn, "type(expn)=",type(expn))

if is_atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type (expn, ' " ")

if isinstance(expn.args[1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1l,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)
)
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type
(expn, '**~ ")
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[1:]1))
return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml1)  #max(4,apply(max,map(ExpnType, [op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,
expn))
ml = max(map(expnType, list(expn.args)))
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return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)]1)))
elif is_appell_function(expn.func):

ml = max(map(expnType, list(expn.args)))

return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum):

ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map[ExpnType,
Apply[List,expn]],711,

return max(7,ml)
elif str(expn).find("Integral") != -1:

ml = max(map(expnType, list(expn.args)))

return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:

return 9

#main function
def grade_antiderivative(result,optimal):

leaf _count(result)
leaf_count (optimal)

leaf _count_result
leaf_count_optimal

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)
if str(result).find("Integral") != -1:

return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"

4.0.4 SageMath grading function

(#Dec 24, 2019. Nasser: Ported original Maple grading function by
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# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'
# 'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

def tree(expr):
debug=False;
if debug:
print ("Enter tree(expr), expr=",expr)
print ("expr.operator()=",expr.operator())
print ("expr.operands()=",expr.operands())
print ("map(tree, expr.operands()=",map(tree, expr.operands()))

if expr.operator() is None:
return expr
else:
return [expr.operator()]+list(map(tree, expr.operands()))

def leaf count(anti):
debug=False;

if debug: print ("Enter leaf_count, anti=", anti, " len(anti)=", len(anti))
if len(anti) == 0: #special check for optimal being O for some test cases.
if debug: print ("len(anti) == 0")
return 1
else:

if debug: print ("round(l.35xlen(flatten(tree(anti))))=",round(1.35*len(
flatten(tree(anti)))))
return round(1l.35*len(flatten(tree(anti)))) #fudge factor
#since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's

def is_sqrt(expr):
debug=False;
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False
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def is_elementary_function(func):
debug = False

m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot', 'sec','csc’,
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh', 'cosh', 'tanh', 'coth', 'sech','csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch', 'sgn',
'arctan2', 'floor', 'abs'

]
if debug:
if m:
print ("func ", func , " is elementary_function")
else:
print ("func ", func , " is NOT elementary_function")
return m

def is_special_function(func):
debug = False

if debug: print ("type(func)=", type(func))

m= func.name() in ['erf', 'erfc','erfi', 'fresnel _sin','fresnel_cos',6'Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi', 'cosh_integral', 'gamma', 'log_gamma', 'psi,zeta’,
'polylog', 'lambert_w','elliptic_f','elliptic_e',
'elliptic_pi', 'exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

def is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M', 'hypergeometric_U

']

def is_appell_function(func):
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return func.name() in ['hypergeometric'] #[appellfl] can't find this in
sagemath

def is_atom(expn):

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False

except AttributeError as error:
return False

def expnType (expn) :
debug=False

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],

Rational):
return 1
else:
return max(2,expnType (expn.operands() [0])) #max(2,expnType(expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands() [0])  #expnType(expn.args[0])
elif type(expn.operands() [1])==Rational: #isinstance(expn.args[1],
Rational)
if type(expn.operands() [0])==Rational: #isinstance(expn.args[0],
Rational)
return 1
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else:
return max(2,expnType(expn.operands() [0])) #max(2,expnType (expn.
args[0]))
else:
return max(3,expnType (expn.operands() [0]),expnType (expn.operands()
[1])) #max(3,expnType (expn.operands() [0]),expnType(expn.operands () [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)
ml = expnType(expn.operands() [0]) #expnType(expn.args[0])
m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]1))
return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.
func)
return max(3,expnType (expn.operands() [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(4,ml) #max (4,m1)
elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(5,m1) #max (5,m1)
elif is_appell_function(expn.operator()):
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(6,ml) #max (6,m1)
elif str(expn).find("Integral") != -1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

debug = False;

if debug: print ("Enter grade_antiderivative for sagemath")

leaf_count_result
leaf_count_optimal

leaf count(result)
leaf_count (optimal)

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)
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expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_ count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2*leaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"
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